, 4 * 2 i 

”" a> l * ; 
r 54 * 9 
1 0 


8 - 
4 
* 
„ 


TION: 


a s 
. 


U 


3 
ds 2 
Ws: 


ADVERTISEMENT. 


HE knowledge of the Conic SscTions is fo con fi- 
derable a part of Geometry, and of ſuch extenſroe 
wſefulneſs thro almoſt all the practical as well as ſpecula- 
tive branches of that art, by which we conſider magnitude, 
motion or extenſion, that it would be meer vanity to pretend 
to a proficiency in the more abſtruſe parts of theſe ſtudies, 
or what we may call high mathematics, without a thorough 
acquaintance with. the properties of the three ſections of 
@ cone, which are the ſubject of this treatiſe. The ſpecu 
_ lations they afford are indeed ſurpriſing as well as enter- 
taining, and require no ſmall degree of attention and ca- 
pacity. Hence the antients, who ſeem leſs laviſb of their 
praiſes than the men of this generation, have honour'd 
Apollonius the Pergæan with the title of the great geo- 
metrician, for his exquiſite. treatiſe on this ſubject, which 
indeed may be reckon'd the elements of a higher ſort of ge- 
 ometry, as the circle and triangle, which may be alſo con- 
cerved as arifing from the ſeftion of a cone, are confider- 
ed by Euclid in his laying the foundations of the loweſt and 
moſt ſimple kind of geometry, whoſe conſtrufion extends 
not beyond the rule and compaſs. It would be eaſy to en- 
large on the uſefulneſs and neceſſity of this branch of the 
mathematics, in order to any confiderable progreſs in thoſe 
ſpudies ; but we ſhall only add, that as this book has been re- 

. Commended, by good judges, for one of the beſt, as well as plain- 
Ee, in its kind, we thought we could not do a more effec- 
. tual ſervice to the young ſtudent in theſe ſciences, than to 

cblige him (the firſt impreſſion being become very ſcarce} 

with a new, and much cheaper edition, which is printed in 

quarts, to accommodate thoſe = wa think fit to bind it 

up with the Miſcellanea Curioſa Mathematica. As for the 
" reſt the reader is referr d to the author's Preface. 
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PREFACE. 


V defign in this treatiſe, being to 
demonſtrate the principal pro- 
perties of the Conic Sections, in 


the moſt eaſy manner; I ſhall 
not confine myſelf ſtrictly either to the analy- 
tic, or ſynthetic method, but ſhall uſe both 
indifferently, as I ſhall find the one or the 
other beſt anſwer that end. 


Neither ſhall I ſcruple to borrow, or alter 


what I find for my purpoſe, in the writings 
of others on the ſame ſubject. | 


Mr Walton, on peruſing the manuſcript, was 
pleas'd to communicate ſome properties, 
which the reader will find in the Halic 
character. The 


The Sigus and Characters, uſed in this 
Treatiſe. 


. Therefore. 
Parallel. 

2... 

4 Right-angle. 
[] Parallelogram, 
A Triangle. 

a+0* Square of a+6. 


Oh Difference, or excels. 


ef Square root of the cube of f. 
4: ö: : c: Proportionality. 


Conic Sections. 


PART I. 


Of the PAR AB OL A. 
The GENESIS. 


F from a point V, in any indefinite right line, there be taken p, : 
1 VD=V K, and, from the point K as a center, with the di- # 
=. ſtance DG, you interſect C M, perpendicular to D G, in the 
points C and M, thoſe points will be in the curve of a Parabola. 


DEFINITION Ss, 


1. The point V is the vertex, and K the focus of the Parabola. 

2. The right line D G, paſſing thro” the focus, is called the axis. 

3. A right line perpendicular to the axis, and terminated by the 
curve, is an ordinate to the axis, as G C. 

4. The diſtance (in the axis) from the vertex to the interſection 
of the ordinate, is called the abſciſſa of that ordinate, as VG. 

5. A right line drawn from any point of the curve, and parallel 
to the axis, is called a diameter, as CV; and the point in the curve, 
from which it is drawn, is called the vertex of that diameter. 


PROPOSIIT ON I 


HE om of any ordinate, is equal to the rectangle of the pig. 1. 
abſciſſa of that ordinate into quadruple the diſtance of the fo- 
cus from the vertex, that is, GCq=z=V Gx4KV. 


DEMONSTRATION. 

Put K V=V D=gq, V G=x, and G C); then, (by the Gengſis) 
G Kg x, and DG C KAYA; but (by 47 E. 1. K C= 
K Gq +GC q, that is, q + 29x+x*=4*—29x+x*+5*, or 44x 
, i. e. G CqzV Gx4KV. 2. E. D. 


CO R- 


Of che PARA BO LA. PART I. 


„„ ͤ LEAS IL 


The ſquares of the ordinates are to each other as their abſciſſas, 
becauſe Y*=49X, and y*=4.4x, therefore Y* : :: (4X: 4% ::) 
"x. 
DEFINITION. 


The quadruple of the focal diſtance is called the parameter of the 
axis, and is a third proportional to any abſciſſa and its ordinate, 
For by putting 47 =, it will be px=y*, therefore x: :: : p. 


„„ | 

The ordinate, which paſſes through the focus, is equal to half 

the parameter of the axis. For, in this caſe, x=q, therefore (by 
the propoſition) 44*=y*, and y= (272) 2p. 


PROEDODSITT ION. IL 


Fig. 2. A the parameter of the axis is to the ſum of any two ordinates, 
ſo is their difference to the difference of their abſciſſas; that 


u. IN:: NO: N 


DE MON ST RATIO. 
Put HO=Y, G C=y, V H=X, and V G=x; then (by Prop. 
I.) XV, and p =, therefore p X—px=Y*—y, andp:Y 
+y:: Y—y: X—x; that is, Pp: IN:: NO: NC. L. E. D. 


PROPOSITION III. 


Fig. 3. 1 F from the vertex a right line be drawn ſo as to cut the curve, 
and continued till it meet any ordinate produc'd, it will be, as 

the parameter of the axis, is to the ordinate drawn from the interſec- 

tion with the curve, ſo is the produc'd ordinate to its abſciſſa, that 


is, p: GM:: HS: HV, 


| DEMONSTRATION. 
Let HS=b, VG=x, V H=X, HO=Y, and GM=y. Then 
(by Prop. 1.) „*: Y* :: (x: X:: by ſimilar A's) y: &; therefore 


Nr. x. or by=pX ; that is, Pp: :: G: X or, Pp: GM 
1H. . 
PR O- 


Paxr IJ. Of the PARABOLA A. 


P. RO POSITION VIV. 
I from any point D, in the axis produced, a right line be drawn 
interſecting the curve in two points C and I, and the ordinates 
CP, IH be drawn from the ſaid interſections; VD, will be a 
mean proportional between V P and V H. a | 


DEMONSTRATION. 
Put VDS =, V P=x, VH X, then PD SOA x, and HD=b 
IX; but (from ſimilar A's) PD: HDq :: PCq : IHq :: (by 
Prop. 1.) PV: HV; that is, þ+26bx+x* : M 2bX+X* :: x: 
X. Therefore X—xxb*=X--xxXx; or Xx, that is, x : 6 
* #285 08. VEE VD:VD:HV. SE. D. 


PROPOSITION V. 


FF any right line touch the curve, and an ordinate be drawn from 
the point of contact, then, I fay, the abſciſſa of that ordinate 


ſhall be equal to the diſtance (in the axis produced) from the vertex pig. 4. 


of the curve to the interſection of the tangent, that is, GV=VT. 


DE MON ST RAT ION. 


Let 7 F be an indefinitely ſmall part of the curve, and continued 
to T, draw rs || to the ordinate, and Fp || to the axis, and let Fp= 
n, rp=m, VT=a; and the other ſymbols as uſual, Then VS 
x-+n, and rs=y+m ; and by ſimilar A's : n:: y: x+a; there- 


fore 11 N (Ae, and (by Prop. 1.) px V s=sr* 3 and px 

VG=GFq, that is, pn+px=y*+2ym+m", and p , there- 
fore y*+2ym—pn= (px=) ; that is, I and conſe- 
quently, x+a= (ELL LE 2x. And a=x, or, 
VT=GV. &. E. D. | 


ESOTOSET.ION VL 


F, from the point of contact, a right line be drawn to the focus, 
it will be equal to the diſtance (in the axis produc'd) from the 
focus to the interſection of the tangent, that is, KF KT. 


DEMON- 


Fig. 5. 


Fig. 5. 


O tbe PARA BOL A. Pakr I. 


DEMO NST RAT To N. 
By Prop. 5. GT=2x, and (by Prop. 1.) KG=x—4p, . KT 
=(GT—KG=2x—x+3zp=x+;p=(by the Genes) KF, Q. E. D. 


PROPOSITION VI. 


E to the tangent, from the point of contact, a perpendicular be 
drawn, and produced to meet the axis, then the diſtance in the 


axis from that point, to the ordinate drawn from the point of con- 
tact, that is, the ſbnormal, is equal to half the parameter of the axis, 
that is, Q p. 
DEMON STR AT I 0 N. 
For QG put 6, then (by 8 Eu. 6.) GT: GC:: GC: GQ; 
that is, 2* : ::: b, .. 2xb=(y*=) px, whence b=z p, or, Q == p. 
2, E. D. | 


PROPOSITION VII. 


6 HE diſtances from the focus to the point of contact, from the 
focus to the interſection of the tangent with the axis, and from 
the focus to the end of the ſubnormal are equal, that is, FC=FT 


SF. 
DE MONST RAT ION. | 
By the Geneſis GF=x—+p, and (by Prop. 7th.) Q p,. FQ 
E. D. 
GA | | 
Hence F is the centre of a circle paſſing through Q. C, and T. 


Caro Li, A RN I. 


The angle formed by the tangent and axis is equal to half the 
angle formed by the axis, and a right line drawn from the focus to 
the point of contact; that is, 4 CTQ=; 4 CFQ, by 31 Eu. 3. 


PROPOSATIAN, IX. 


F, from the vertex, a right line be drawn parallel to an ordinate 
A drawn from the point of contact, and cut the tangent, the ſquare 
of that line ſhall be equal to the rectangle of half the eter of 


the axis into half the abſciſſa of that ordinate, that is, VR qq Ap 
iGV. | 


DEMON- 


Parr I. Of e PARA BOL A. 
| AI MONETTRATTO KK 


Let VR=6, the As TVR, TGC are ſimilar, but VT 
GT, by Prop. 5 VR=zGC; that Is, S r. * S A= by 
Prop. 1.) R, or VRqz=zpx+GV. . E. D. | 


PROPOSITION X. 


F to the tangent drawn to the vertex of any diameter a right line pig. 6. 
be drawn parallel, the part of that line which lies within the 
curve, ſhall be biſected by the diameter, that is, the ordinate x=. 


| DEMONSTRAT 10 N. 
\ Produce the diameter V, and draw KR, VS parallel to the 
ordinate FG; then, 
1. AGF T or GS: AK ZP :: (GFq: Kzq:: GV: KV 
2: by 1 E. G.) U GS: [ KS, .. AK ZP URS. 

2. AGFT or UGS: AHxP:: 2 Hxq:: GV: HV 
:) DGS: OHS, .. AHxP=[]HS; but AHzP—AK2P= 
OHS—DOKS, 3. e. the figure Hx x K UHR; from which ta- 
king the common figure HY 52K, there remains the AY X= 
and fimilar to the AR, and conſequently x E. L, E. D. 


1 | COROLLARY. | 

The figure FT PSA Y-xb, becauſe AGF T=[] GS, there- 
fore the figure HYF T=(DHF+ AGF T=[JHF+[]GS=] 
HS=) AHxP, from which taking the common figure HY 4P, 
there remains the figure 5F TP=AY x6, 


| x L EMMA. | 
If FT be || to bp, and the Ahr = Trapezium F4Tp, then pig. 11. 
FTÞ5pxFb=brx 2b, becauſe (by Hypotheſis) FT+bpxp= 
SX . FT+bp:26;:9:þ :: (by ſimilar As) 256: F, and 
FT+pxFb=2zbxbr. VE. D. 


| DEFINITION. 
LetFS:FO:: 2 FT: P, the parameter belonging to the diame- 1 6: 
ter FY ; then, bt 


RGE OS IT oN M  # * 
HE rectangle of the parameter (ſo obtained) into any abſciſſa 
T of that diameter, is equal to the ſquare of the ordinate of that Fs. 6. 
abſciſſa, chat is, Px FE T. 
* "I DEMON- 


10 Of te PARABOLA Paxx I. 
„ a es INE 
5 1 ſimilar As and (b the 
n . y 
preceding Lemma) 2F TxF6=ybxbx, 3 (Ar r TI a5 
xbyxbx) or PxFb=bx|*=b2\*. VE. D. 


PROPOSITION XII. 
E Pt parameter of any diameter is equal to the parameter of the 
axis, added to quadruple the abſciſſa of the ordinate drawn from 
the vertex of that diameter, i. e. P=p+4GV. 


: DEMONSTRATION. 

From the vertex draw Vb parallel to the tangent FT, which (by 
Prop. 10.) will be an ordinate to the diameter FV. Then, by rea- 
ſon of parallels F =V T=(by Prop. 5.) GV=x, and by the laſt, 
Px=(SVq=FTq=FGq+CTq=4x'+y=) 4x*+px, . P 
(4x+þ or) p+4GV. LE. D. 


PROPOSITION XIII. 


T HE diſtance from the focus to the vertex of any diameter is 
equal to one fourth of the parameter of that diameter, that is, 
KF=3zP. | 


By the definition —— 


Fig. 7. 


DEMONSTRATION. 


By the laſt, P=p+4V.T, and (by the firſt) {ap pf P 
"5. ad and +P= (K vA VT=KT= by Prop. 6.) KF. 


A E. D 
PROPOSITION XIV. 


F, from the focus, a 28 ndicular be drawn to any tangent ; then 
the {quare of that lin | be equal to the 4 — under the 


focal diſtance, and the diſtance of the point of contact from the fo- 
cus, i. e. KOq=KVxKEF. | 


DEMONSTRATION, 

From the vertex draw VO || to GF, which will coincide with 
the point O, becauſe (by Prop. 5.) GV=VT, .. (by 2 E. 6.) TO 
'=OF, and becauſe  K OT is right, . (by the J E. 6.) TK: KO 
: KO: KV, and KOq=z (TKxKV) FKxKV. 2. E. D. 


PROPOz 


Parr I, Of ide PAR AB OL A. 11 


PROPOSITION XV. 


an ordinate to any diameter paſs through the focus, then the 
abſciſſa of that ordinate ſhall be equal to one fourth, and the or- 
dinate equal to one half of the parameter of that diameter. 


DEMONSTRATION. 
1. From parallels, bF =(KT=by Prop 6. KF=b Prop. 13. )+P. Fig. 7. 
2. e bF=zP, and o Prop. redes . 4P. | 


PROPOSITHÞhON XVI. | 

HE diſtance (in the axis) from the interſection of the agent, | 
to the end of the ſubnormal, 8 of 
diameter, whoſe vertex is the point of contact, that is, QT=zP. 


DEMONSTRATION. 
By Prop. 13. FK=3zP; and (by Prop. 8.) FK Q ERK T, 
„ (GAK TT PTTP HAF. "LED 


PROPOSITION XVII. 
F a double ordinate be drawn from the point of contact, and an- 
other double ordinate be drawn below, and cut the tangent 
produc'd : Then as the double ordinate paſſing through the point 
of contact, is to the ſum of the two ordinates, ſo is their difference, 
to the external part of the lower ordinate added to the difference of Fig. 8. 
the ordinates, is, MF: OL :: IL: BL, 


DEMONSTRATION, 
Let VG==x, then (by Prop. 5.) GT=2x, FG=y, OL c, 


IL=m, and LB=9. ger ys 2.) P: c:: n: Fern 


and from ſimilar As, 2x: y:: 4 d, . i and (be- 
* cauſe p ) 2yd=mc, or 2y;c::mid, i. e. MF: OL: : IL 
BI. D DB. 2 J * | 


PROPOSITION XVII. 


| 1 E fame things being ſuppos'd as before; the difference of 
the ordinates is a TY proportional | between the double Lat 


— 3 


12 Of the PARABOLA Pax I. 
Fig. 8. the upper ordinate, and the external part of the lower, 1. e. FM: 
IL: : IL: BI. N 
DE MON ST RATIO x. 

For BI put c, IL, , and FM, 25, then OL=2y+m, and (by 

haha 17.) 27: 2% n:: un : 4, —— 7 
; that is, FM; II.:: IL: BI. E. E. D. 
* ADP 2 ; i 


3 and c=(d—m | 


PROPOSITION XIX. 


T HE fame things being ſtill ſuppoſed ; as the double of the 

lower ordinate added to the external part, is to the ſum of the 
two ordinates, ſo is the external part of the lower ordinate added to 

the difference of the ordinates, to the difference of the ordinates, 
that is, OB: LB: : OL: IL. 


ee ti. E*7.C0 x 


Let OL=c, LBA, IL=m, ; then OB cd, and MF=c— 
m. But (by Prop. 17.) MF: OL :: IL: BL; that is, c—m : c 
:m:d,...cd-dm=cm; and em Ldm cd; or d: c:: d:; 


that is, OB: :LB:: OL: IL. . E. D. 


PROPOSITION XX. 


TILL ſuppoſing the ſame things; having OI, and BI given, it 

F 1s required to find IL. 

— K Lb, IL=m, BI, and O Ic; then (by P 2 18.) 
KL: (MF) IL :: IL: BI, that , , 

— 


and 1 alſo c= (b+2 m= 7 +2m=) *. ac m + 


22m. Whence m=V a+cxa—0. 


CoROLLARY,. 


Fig. 8. Hence from a point B without the curve (and not in the axis 
' produc'd) we may draw a tangent. For if, from the given point, 
we draw IO perpendicular to the axis, and then find a mean =— 
portional between OB and IB, from which if we take IB, and ſet 
the remainder from I to L; and then from L, draw LF, parallel 
to the axis, the point F is determined, to which, if from the given 
point B, a right line be:drawn, it will touch the curve. 1 


Pr I. Of ibe PARA BOL A. 13 


PROPOSITION XI. 
F FP touch the curve in F, and, from any points M, 8, in that 
tangent the right lines BM, SD, be drawn || to the axis, and 
cut the ordinate in B and D; then MO: FBq : : SR: FDq. Fig. 9. 


DE MONST RATIO VN. 
Let M O=b, FBS c, SR=#4, and FD g, alſo GV=V T=x. 
Then by Prop. II. «: 6:: (FT q: FMq: : by ſimiliar As) *: 
c and x: d:: (FTꝗ: FSꝗ:: by ſimilar As) y* : &, .*. (by equa- 
lity) : of :: d: , or MO: FBq:: SR: FD. E. D. 


PRO EPOSIT TON 


I faom any point in the tangent, a right line be drawn parallel 
to the axis, and cut an ordinate, the rectangle of the parameter 
of the axis into the external part of that line, is equal to the ſquare 
of the ſezment of the ordinate intercepted between that line and the 
point of contact; that is, * M O=FBq, or px RS=FDq. 


DEMONSTRATION, 
By the laſt, . = (y*=by Prop 1.) px; 1 D 
pc,; and d pg; i. e. p MOF Bꝗ and RS SF Dq. E. D. 


' DA OE Q'S 11: EV; NNE * 
IF FP touch the Parabola in F, and if, from any point 8, in the Fig. 9. 
tangent a right line SD, be drawn parallel to the axis, and cut 
another right line FC drawn from the point of contact any how 
within the curve; then the curve ſhall cut the firſt line in the ſame 
1 that the firſt line cuts the ſecond; that is, 8 R: RD:: FD: 


DEMONSTRATION. 

Draw PC parallel to SD, and let CP=r, RS=c, FS=d, RD 
=p, PS=m, FD=g, and DC bb. Then c :7:: (da n :: by ſi- 
milar As) g: g and (by ſimilar As) r:g+h::c+p:g, therefore 
2 GNA 1 ; and cgh+chb* =pg*+ * 


g 8. 
?gh; and dividing by g+h, cb pg, or c:þ::g:h; that is, SR: 
RD:: FD:DC. 2, E. D. ir FAY Se 
| | PRO- 


14 


Fig. 10. 


Of the PARABOLA Par I, 


PROPOSITION. XXIV. 
S the abſciſſa is to the ſquare of the ordinate, ſo is any right 


Fig. 9 
P \ line drawn within the curve, and parallel to the axis, to the 


rectangle of the parts of the ordinate which it that is, VG: 
K * OB: FBT BC. 


DEMONSTRATION. 
Let OB=m, FB=c, BC, yr Ge then (by Prop. 21) x:6 


29 :c*, and (by the laſt) &: m:: c: r, —_ ( , and c Xx 
my", or x: y- ::m:rc; that is, VG: FGꝗ:: OB: F BBC. 2. E. D. 


n 


OB:FBxBC::RD:FDxDC. Becauſe (by this Prop.) OB:FB 
BC. (VG:FGq::) RD:FD«DC. 


PROPOSITION XXV. 


| F a tangent cut any diameter produced, and if, from the point of 


contact, an ordinate be drawn to that diameter; then the diſtance 
(in the diameter RY ) between the vertex and interſection of 
the tangent, ſhall be equal to the abſciſſa of the ordinate, that is, RS 
280. | 


DEMONSTRATION. 


x Let OS=x, Cr=OP=n, tr=m, RS a, OC= 0 and then 
Nr, (which is ſuppoſed to be indefinitely near to OC) will be=y+, 
and SP=x+7, Then by ſimilar As : :: y: X, . x Ax 


= and by Prop. 11. px SO=OCq; alſo pxSP=Prq, i.e. px, 
and pp N Heyn; whence px=y*+2ym—pn, . = 
ayn pn, or 2ym pn, and , alſo (by ſubſtitution 


trom the firſt equation) x+a=(=2= Fx — 88 == =) 2x; and 


Pp Pp 
MITES); or, RS=SO. 2, E. D. 


PROPOSITION XXVL 


= a diameter be drawn from the interſection of any two tangents, 
it will biſect the line which joins the points of contact. 


DzMoN- 


Paxr IJ. f tbe PARA BOL A. 
DEMONYWST RATIO V. 4 
From the points · of contact (V, C,) draw the ordinates Y o, CO; 
then by the laſt, RS=SO, and RS=S9, . SOS 8e, and conſe- 
uently Vo and CO being ordinates to the ſame diameter and ab- 
Cala are equal, and in the ſame right line. Q. E. D. 


Cons r AA. 


Hence we have another method of drawing tangents to the Para- 
bola from any point without the curve. For, if from the given 

int (as R) you draw a diameter (as RP), and in that diameter ſet, 
Kom the vertex, the abſciſſa (SO) equal to the external part (RS), 
and then through the extremity of the abſciſſa (O) draw a right 
line parallel to the tangent (xy) at the vertex of that diameter, the 
extremities of that line (as C, Y,) will be the points in the curve in 
which lines drawn from the given point will touch it. 


PROPOSITION XVII. 


«3 


7 from the extremity of any ordinate (x & to a diameter, a right Fig. 6: 


line (as x V) be drawn at right angles to the diameter; then the 
diſtance (x V) in that line from the extremity of the ordinate to the 
diameter, ſhall be a mean praportional between the parameter of the 
axis, and the abſciſſa of that ordinate; that is, p. xY : I. FSE. 


DzMONSTRATION. 

Put Va, Fb; then (by Prop. 1.) FGq=px, and (by Prop. 
5.) GT AAN, .. (by 47 E. 1.) FTq=zpx+4x*=p+4xxx. 
But (by Prop. 12.) xbqzp+4.xxX, and from ſimilar As FTq : 
FGq :: xbq:xYq; that is, P+4xxx:px::p+4xxX: 0, 
4. X, and p: a : X, or p NIKI: F. E. D. 
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Fig. 1. 


Conic Sections. 


PART II. 


Of tbe ELLIPSE. 
The GENESIS. | 


„ Upon a plane, any _ line be taken, as AB, and BH 
AK, and the point G be taken any where in that line; then, 

-if, with the radius AG, from the point K, you deſcribe an 
arc at F, and with the radius QB from the centre H, you interſect 
the former arc, and if, from the points H and K, you draw the 
lines HF, KF, I ſay HF+KF=AB. For (by conſtruction) KF 
=AG, and HF GB,. HF+K F= (AG+GB=) AB. In 


| like manner an indefinite number of points may be found, and if a 


Fig. 2. 


curve line be drawn through them, it is called an cllipſe. 


- 


DEFINITIONS. 


1. The points H, and K are called the foci. 

2. A diameter is a right line which paſſes through C, the middle 
of AB, and biſects all lines within the curve, that are parallel to 
the tangent which touches its vertex, and the lines. ſo biſected are 
called ordinates to that diameter; ſo F V, is a diameter, xo , are 
ordinates, being parallel to the tangent which touches the curve in 
F, the vertex of the diameter. 3 

3. The point of concourſe (C) of all the diameters is called the 
center. | 

4. That diameter to which the ordinates ſtand at right-angles is 
called the tranſverſe axis, as AB; and that which paſſes through the 


center, and cuts it at right angles, is called the conjugate axis, as 


ED. 
5. The po nt, where the ordinate interſects the diameter, is called 
the point of application; as G, and o. 
6. The ſegment of the diameter intercepted between the vertex 


and point of application, is called the abſciſſa; as Fo, oY ; or BG, | 


AG. : 
: | * | PR O- 


2 


Parabola. 


T 2 f 
* 3 


b 
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PROPOSITION I. 


| A the ſquare of any ordinate to the tranſverſe axis, is to the rect- 
angle of the abſciſſas which it divides; ſo is the ſquare of the 
conjugate, to the ſquare of the tranſverſe axis. 


DEMONSTRAT 10 N. | 
Let AB=X, DE c, K C=6, CG=x, FG. and FH=zz; 
then K H=26, and K Gx, GH x, and (by the Gene- 
r KF = t- a, the points K and H being the foci. Then KE 
ECꝗ K Cq; that is, 2 c , by 47. E. 1. and (by the 
13. and 12. E. 2.) KFqzFHqþ+KHqF2KHxHG; i. e. — 


2t 3+2*=2*+46*4+4bx—40' ; 2—— — 


boch fides. 1-8? LL (z=F G*+GH*=) y*+b*— 


2bx+x*; which being clear'd of fractions and contradictory terms 
will be IG x*=4* y*+47* b*+47* x* ; and ſubſtituting, for 
164* and 44* in this equation, their reſpective values in the firſt, 
and throwing out contradictory terms, and dividing by 4, we ſhal! 
have r f ef —c* x*; which reduced to an analogy gives y* : 
ATI:: c“ i. e. FGq: AGxGB::DE*: AB*. L. E. D. 


3 and by ſquaring 


Gore 


Let any abſciſſa be x, and its ordinate y, the tranſverſe axis t, and 
the conjugate c (which ſymbols repreſent the fame things in all 
the following demonſtrations) then by this Theorem, F: © ::f—xx x: 
* or HND tx; which I call the equation of the curve. 
Definition. A third proportional to the tranſverſe and conjugate 
axes is called the parameter of the axis; that is, if you put p for 
the parameter, then f: c:: c ... IP. N ge 


PROPOSITION II. 
As the tranſverſe axis, is to its parameter; ſo is the rectangle of 
any two abſciſſas, to the ſquare of the ordinate which divides 


DEMONSTRATION. 
By the conſtruction of the parameter *p=c*, and by putting #p 
in the equation of the curve for c, we ſhall haye a new equation * 
a frag. © 


: 


n Of the ELLIPSE. Planxx II. 
the curve in the terms of the parameter, &c. viz, ty* =tþx—þpx*, 


or y ue, tip:: xxx: . NE. D. 


CO ROLL ARX x. 


As the rectangle of any two abſciſſus, is to the ſquare of the or- 
dinate which divides them; ſo is the rectangle of any other two ab- 
ſciſſas, to the e ſquare of the "ordinate which divides 3 for, (by 


this * 44 :) f—X x X . 


PROPOSITION III. 


HE tranſverſe axis into one fourth of its parameter, is equal ti to 
the rectangle of the greateſt and leaſt diſtance of either focus 
from the vertex; that is, 2% AB=A Hx HB=BKxKA, 


7 5 DEMONSTRATION. 

Let HB=9, then HA =-, and CH -g. But HEq=z 
EC CH q. 1. e. t. -er wy „ or t—gqxgq= ( — 
er ipxAB=AH HB * | 

COR O L An v. 


The ſemi-conjugate axis is a mean e wee between the great- 
eſt eſt and leaſt diſtance of either focus from the vertices: for ſince 


Nc, . -g: c:: Ac: 9; that is, AH: CD:: CD: HB. 


PROPOSITION IV. 
TU E eter of the axis is double the ordinate * to 


Fig. 3. 


are 5 
Let the focal diſtance be 9, and the ordinate paſſing through the 
focus 9; then (by the 2.) F: p: 1 *. But (by Prop. 3.) 1-4 
lp. . t:p::3tþ: (=), and xp=y, or p=2y. VE. D. 


PROPOSITION V. 


T HE diſtance between the foci is a mean proportional between 
the ſum and difference of the tranſverſe and conjugate axis ; 
. AB+DE: KH::KH:AB—DE. 


DEMONSTRATION, 


Mb For Sa, put b; then n . ie 
| * 


Fig. 4. 


- 


Paxr II. Of che ELLIPSE. 


2% r-, .*. t+c:6::6:t—c; or ABTDE- KH:: KH.: N 


AB- DE. 2. E. D. 


PROPOSITION VI. 


Fourth proportional to the conjugate, tranſverſe, and any or- 
dinate, is equal to a mean proportional between the abſciſſas 


of that ordinate. 


DEMONSTRATION. | 
Let the fourth proportional be 5 ; then c: ::: b, be but(by 
Prop. 1.) H: c:: F Xx: *, . (by 22. E. 6.) F: c:: UH xxx. and 


Eon) b. L E. D. 


PROPOSITION VI.. 
T HE diſtance between the foci, is a mean proportional between 


19 


Fig. 4. 


the tranſverſe axis, and the difference of the tranſverſe axis and 


the parameter; i. e. AB:KH::KH:AB—LR. 


| DEMONSTRATION. 
KDq—-CDq=zKCq; that is, FT -c, or H- ; 
but ty c, . ff —tp=b*, and 7: 6:: b: t -g, or AB: KH:: KH: 
AB LR. 2, E. D. e A. 


PROPOSITION VIL 
A S the ſquare of any ordinate, is to the rectangle of its abſciſſas; 
ſo is the ſquare of the conjugate, to the ſquare of the conju- 
gate added to the ſquare of the diſtance of the foci ; that is, FGq: 
AGxGB::EDq:EDq+K Hq. 


DEMONSTRATION. 
KEqz=KCq+CEq; z. e. 3tf=3b* +3, or f==b* + ; but 
(by Prop. 1.) „: K:: (H=) ; or FGq:AGxGB 
_ :EDq:EDq+KHq. 2, E. D. 


PROPOSITION IX. | 
| A the ſquare of any ordinate, is to the rectangle of its abſciſſa 
into the parameter; ſo is the difference between the ſquare of 


the conjugate axis, and the rectangle of the abſciſſa into the para- 
C2 | meter, 


20 | Of the ELLIPSE. Pakr II. 
meter, to the ſquare of the conjugate axis; 1. e. wy ä | 
EDq—BGxLR: ED. 


DE MON ST RATIO. 


Fig. 4. By the equation of the curve, . c't x—C x7, — — 


(by blies gg. = x*, and c“ ec þ x—þ* x*; i. e. * 


p = , or FGq:BGxLR::EDq—BGxLR: 
ED q. E. D. 
PROPOSITION X. 


A S the ſquare of the conjugate axis, is to the ſquare of the tranſ- 
_ verſe axis; ſo is the rectangle of any two abſciſſas of the con- 


11 jugate axis, to the ſquare of the ordinate which divides them; i. e. 
DEq:ABq::DhxhE:Fhq. 


DEMONSTRATION. 

Let E h=x, and F h=y; then (by Prop. 1.) ABq: EDa:: 
AGxGBq:FGq. But (by 5. E. 2.) AGxGB=CB'— 
FH", and CH. e Far Ops '- (by ſubltitution) 
ABq: EDq:: n DE, that is, #* : c* 

aint —pf e -e KN ; w reduced to an equation produces 
. —f* x*; i. e. c“: H:: C Xx *: * or DEq:ABq:: 
DhxhE:Fhq.' 2, E. D. 5 | 

DERrINIT IO V. 

A third proportional to the conjugate and tranſverſe axis, is a pa- 
rameter to the conjugate axis; that is, ↄ being = for the * 
ter, c: f: 1 : ... cp. 


PROPOSITION XI. 

A the — te axis is to its parameter, ſo is the rectangle of 
any two a blciſſas of the conjugate axis, to the ſquare of the 
ordinate which divides them. | 


DEMONSTRATION. 

For #*, in the laſt equation, put its equal cp; then * 
x*; i. e. c : c -& XX: E. D. | 

5 : *. N PRO- 
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PROPOSITION XII, | 


A= the ſquare of 2 of the conjugate, 1s to the rectan- 
le of the abſci which it divides; ſo is the ſum of the 


ſquares * the diſtance of the foci and the conjugate axis, to he 
| Fe of the conjugate axis. 


DSN TN ONES 
By the 10. 5“: c & :: F: c, and (by 47. E. 1.) FH, 
.*. (by ſubſtitution *: . B46 : “ that is, Mes DhxhE 
':KHq+EDq: ED q. 2. E. D. 


PROPOSITION XIII. | 

1 * any tangent to the Ellipſe, if, from the point of contact, an or- 
1 dinate be drawn to the axis, and the tangent contitued to cut 
the axis produced ; then it will hold, as the diſtance (in the axis) 
between the center and ordinate, is to the abſciſſa of that ordinate ; 
ſo is the remainder of the axis, to (the diſtance between the ordi- 
nate and interſection of the tangent with the axis, that is) the Sub- 
tangent ; viz. CG: GB:: AG: GT. | 


DEMONSTRATION. 
Let F p be an indefinitely ſmall part of the curve, and continued 
to cut the axis produced in T; draw the ordinate FG, and, parallel pig. ;. 
to it, p q. draw alſo Fr parallel to the axis, and, for Fr, put u, p r, 
mn, and BT, a. Then is B qzx+7, Aqzt—z—n, pq=y+m, _ 
* e Re” r F:: FG: G T; i. e. : n: 


y * , . 1 = =x+@, and (by Prop. 2.) t:þ: :t x—x*-+t n—2 
x 1 -: 7 mm. Allo, f: p:: - :, pt x—px+ 


ptn—2pxn=ty+2tym, and 7. pf x—þ of, . pt NY N 
R (fy=) pt x—p xf, or ptn—2nxp= 


2tym, and n= che Ka (n x4 = 2 
pt—2px m pt—2px mM 


2 a Set x—2x* | 
* (becauſe; by the 2d. f * N =) 


Fig. 4, 


7 .. THX: *:: -&: X44 or CG: GB:: AG: GT. 


E. D. | 

| PROPOSITION xv. 
8 the diſtance from the center to the ordinate drawn from the 
point of contact, is to half the tranfverſe axis; fo is hell, 5 


Fig. 4. 


Of the ELLIPSE. PaxT II. 
meter, to the ſquare of the conjugate axis; 1. e. FGq: _ 
EDq—BGxLR: ED q. | 


DEMONSTRAT I 0 N, 


By the * of the curve, ? ct x—c x7, me * 


4 


(by — x*, and c. p- x; i. e. * 
pxiic—px:ict; or FGq:BGxLR::EDq—-BGxLR 
EDq LED: 

PROPOSITION X. 


| \ S the ſquare of the conjugate axis, is to the ſquare of the trans- 


_ verſe axis; ſo is the rectangle of any two abſciſſas of the con- 
jugate axis, to the ſquare of the ordinate which divides them; i. e. 


DEq:ABq::DhxhE:Fhg. 


DEMONSTRATION. 

Let E h=x, and F h=y; then (by Prop. 1.) ABq: EDq:: 
AGxGBq:FGq. But (by 5. E. 2.) AGx GB CB 
FR", and CH. .= (FGq=z)CEq-DhxhE,.. (by ſubſtitution) 
ABa: EDq: : CBq—Fh 52; . > 8» ee that is, : c 
224 =p: No which reduced to an equation produces 
* = e ðx - ; i. e. c“: :: c -& Xx &: * or DEq: AB q:: 


DhxhE:Fhq. 2. E. D. 


DEzF1NIT10N, 
A third proportional to the conjugate and tranſverſe axis, is a pa- 


rameter to the conjugate axis; that is, ↄ being put for the W. 


ter, c: f:: :p, . c pP. 


PROPOSITION XI. 
the conju gate axis is to its parameter, ſo is the rectangle of 


8 
A any two a bleiſſa of the conjugate axis, to the __ of the 
ordinate Which divides them. 


DEMONSTRATION. 

For C, in the laſt equation, put its equal cy; then 25 of 
x*; i. e. : pF: -& XX: 2, E. D. | 

P : Jy. PR O- 
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PROPOSITION XII. | 


A the ſquare of any ordinate of the conjugate, is to the rectan- 
gle of the abſci which it divides; ſo is the ſum of the 
ſquares of the diſtance of the foci and the conjugate axis, to the 
ſquare of the conjugate axis. | 


DEMONSTRATION. 
By the 10. y*:cx—ax"::ff:&, and (by 47. E. 1.) f=# +0, 
. (by ſubſtitution : c x—x* :: H: c; that is, Fhq: DhxhE 
:: KH q ED: ED. 2, E. D. | 


PROPOSITION XII. | 
F any tangent to the Ellipſe, if, from the point of contact, an or- 
1 dinate be drawn to the axis, and the tangent continued to cut 
the axis produced ; then it will hold, as the diſtance (in the axis) 
between the center and ordinate, is to the abſciſſa of that ordinate ; 
ſo is the remainder of the axis, to (the diſtance between the ordi- 
nate and interſection of the tangent with the axis, that is) the Sub- 
tangent ; viz, CG: GB:: AG: GT. N 
DEMONSTRATION. 

Let F p be an indefinitely ſmall part of the curve, and continued 
to cut the axis produced in T; draw the ordinate F G, and, parallel pig. ;. 
to it, p q, draw alſo Fr parallel to the axis, and, for Fr, put u, pr, 
m, and BT, a. Then is B q=zx+n, At-, pqz=y+m, and 
G T=a+x. But (by ſimilar As) pr:rF::FG:GT;z.e.m:n:: 


y:ix+a, . re, and (by Prop. 2.) f: p:: ü x—x*-+t n—2 


xa: zy nm. Allo, f: p:: - :, pt x-px+ 
ptn—2pxn=ty+2tym, and f f=pt x—p x, pf 
ptn—2xnp—2tym= (ty=) pt x—px*, or pti—2nxp= 


Fig. 4, 


2t ym, and —_ yy * *. X+a= (7 2 7 = — 55 = | 
8 (becauſe; by the 2d. ? x=x= LP — =) - 


þ t—2x Pp, a 
— „. 2H -x: x: — &: XK; Or CG: GB:: AG: GT. ; 


— 


"PROPOSITION XIV. IM 
As the diſtance from the center to the ordinate drawn from the 


point of contact, is to half the tranſverſe axis; ſo is half the 


* 


22 


Fig. 5. 


Of the EL L IPS E. Pax IT. 
tranſverſe axis, to the diſtance from the center to the concurring of 
the tangent with the axis produc'd ; i. e. CG: CB:: CB: CT. 


DEMONSTRATION. 
CT=CC+GT; but CT Ha, CGS H- x, and (by Prop. 


13.) 62 =,.. A G WERE... that 


is, +f—Xx: it: :; or CG: CB:: CB: CT. L. E. D. 


PROPOSITION XV. 


S the diſtance from the center to the ordinate drawn from the 

point of contact, is to half the tranſverſe ; ſo is the abſciſſa 

of that ordinate, to the external part of the tranſverſe ; that is, CG 
: CB::GB:B T. 


0 
141 


By the 14. ar If +3ta—zt x—xa=%e, and 
b pd 1 


. rr oe CO:CB::GB:BT. 


xt—X 
"PROPOSITION XVI. 


S the diſtance from the center to the ordinate drawn from the 
point of contact, is to half the tranſverſe ; ſo is the greater ab- 


ſciſſa of that ordinate, to the tranſverſe axis, added to the external 


part; that is, CG: CB:: AG: AT. 


DEMONSTRATION. 


+ f x Ter 4 -F x 
By Prop. 15, a= . aS 5 Ks» = —_—_— 3 


il e. t-: : tx: Aa, or CG: CB: :AG:AT. &. E. D. 


PROPOSITION XVII. 


8 the greater abſeiſſa of the ordinate drawn from the point of 
contact, is to the ſum of the tranſverſe and external part; ſo is 


the leſs abſciſia of that ordinate, to the external part; that is, AG: 


AT:: GB: BT. 


| Dzxzwons TRATION. 
By Prop. 15. T- &: Tt: : X: a; and (by the 16.) + ft—x:+f 
-&: a, . (by equality) : t+8::x: e AT:: 


PR O- 


B. BT. 


Par II. Of the E L LIP SE. 


PROPOSITION XVII. 


S the diſtance from the center to the concurring of the tangent, 
is to half the tranſverſe ; ſo is the external part, to the abſciſſa 
of the ordinate from the point of contact; that is, CT: CB:: BT 
: BG. £ 
DEMONSTRAT I 0 N. ; 


N ; ta 
By Prop. 15. ta tx TX, 9 
x; or, CT: CB:: BT: BG. | 


8 Ha: t:: a: 


PROPOSITION XIX. 


| A S half the tranſverſe added to the external is to the tranſ- 
verſe added to the external part: ſo is the external part, to 
the ſubtangent; that is, CT: AT :: BT: GT. 


DEMONSTRATION. 


— 74 xt a fake * 
S e 


Ta: Ha: : 4: K ＋, or, CT: AT:: BT :: GT. & E. D. 


PROPOSITION XK. 


| A the greater abſciſſa of the ordinate drawn from the point of Fig. 5: 
contact, is to half the tranſverſe ; fo is the ſubtangent, to the 
external part; i. e. AG : CB:: GT: BT. 


Demons zation. 


* By Prop. 15. , G . and 


xX: I:: x＋: a, or AG: CB: : GT: BT. QE. D. 


PROPOSITION XXL 


S the tranſverſe added to the external part, is to half the trant- 
| verſe ; ſo is the ſubtangent, to the abſciſſa ; i. e. AT: CB: 
GT: GB. 
| DEMONSTRATION, 


By Prop. 18. Lee, tha=(tt+E=EE, and 


* 


u: i:: x: x, or AT: : CB: GT: GB. 2. E. D. ; 
| PROPO- | 


Fig. 6. 


Of the ELLIPSE Par II. 
PROPOSITION XXII. 


7 13 ordinate drawn from the point of contact, divided by the 
ſubtangent, is equal to the quotient of the diſtance between 


the center and that ordinate, divided by that ordinate multiplied by 


GF C þ 
the parameter divided by the tranſverſe axis ; that is, = Ge x 


DEMONSTRATION. 


By Prop. 13. XX = rx xa; and (by Prop. 2 4 1 Ps 
(fx—x*) Oe * . ty*=px+t—xxx+a, and if you di- 


vide by x +a, = px; and again if you divide by 2 


b 1 — 4 „ 9 
42076 =) , *. 84 . 


PROPOSITION XXIII. 


ndiculars be drawn from the ends of the tranſverſe, and 
from the center, ſo as to cut any oy 5 and alſo if from the 
point of contact be drawn an ordinate, theſe four lines ſhall be pro- 


portional; that is AO: CP :: GF. BO. 


3-4 Drmows TRATION: 
+0 Prop. 19. TA: TC:: TG: TB, .. (by 4 Eu. 6.) AO: CP 
GF: BQ 2 E. D. | 


or Ar. 
AOxBQ= CPxGF, 


PROPOSITION =: 


F perpendiculars be drawn from the extremities of the tranſverſe, 
and cut any tangent, then the rectangle of theſe perpendiculars 
ſhall be equal to the rectangle of the greateſt and leaſt diſtance of 


either of the foci from the vertices; i. e. AOxBQ=A Hx HB=BK 


xKA. 
1s. 


Let BQ=m, AO, and AK=HB=g; then (by ſimilar As) 


m:iy::(a:xþ+a::by Prop. 20.) t: t—x; 9 9 :; Ca: 


—and(by n mul- 


x+8 :: by Prop, 21.) 27 2 „ m=L and a 
E tiplica- | 


Paxr Hl. Of fe ELLIPSE, 25h 
tiplication,) aun „ un: tf : O : EN :: by Prop. 


Z XXX a 
2. P: Li) pt: 4t ; and mn (pt by Prop. 3.) -g, or AO 
x BQz=AHx HB=BKxKA. 2. E. D. 


LE MM A. | 
If, from the ends of the chord AB, the perpendiculars AD, BC, Fig. 7. 
be drawn to meet the circle, then right lines connecting A and C, 
B and D, ſhall be diameters, and conſequently the point of their 
concourſe, O, will be the center of the circle, through which if a 
right line be drawn any how, it will make the alternate ſegments of 


the perpendiculars equal. 


| DRERMON ST RATIO xX. 

By hypotheſis the angles A and B are right,. (by 31 E. 3.) AC 
and BD are diameters, and O the center; but A OPD is ſimilar to 
AOQB, .:, OB: BQ: OD: DP; but OB=OD, .. BOP. 

2. E. D. | , 

PROPOSITION MV. 

F from the interſections (P, S) of a circle, whoſe diameter is the Fig. 8. 
tranſverſe axis with any tangent, perpendiculars P&, S, be 

drawn, they ſhall cut the —— in the focal points; that is, 

the points &, þ coincide with K, H. | 


 DEMoONSTRAT TON. 929 
The As TBQ, AT O are ſimilar to the As T S5, TP, each 
having a right angle, and the angle T common, .. AO: P&:: 
Sh: BQ, and AOxBQ=(P+xSh= by the precedent Lemma Pk 
Aft; or hrxSh=by 35 E. 3.) AKx#B or BhxbA; but AOx 
BQ=AZxKB or AHxHB, by Prop. 24., .. the points H, þ and 
K, # are coincident. Q, E. DP. 


: CoRoLlLLARY. 
_ PKxSH=4pt ; becauſe PKxSH=(AKxKB=i—qxg= by 
Prop. 3.) tp. 
3 PROPOSITION XXVI. 
F to any point of the curve, right lines be drawn from the foci, 


| and one of the lines be continued; then a right line biſecting 
the external angle, ſhall touch the curve in the angular point, = 
| | r E. 


24 


Fig. 6. 


Of the ELLIPSE Parr II. 
PROPOSITION XXII, 


7 TEE ordinate drawn from the point of contact, divided by the 
ſubtangent, is equal to the quotient of the diſtance between 


the center and that ordinate, divided by that ordinate multiplied by 


GF- CC 2 
the parameter divided by the tranſverſe axis; that is, AT CF oy” 


DEMONSTRATION. 


By Prop. 13. tx —x* xxx Ta; and and (by Prop. . 72 
((& &) e a * . ty*=px+t—xxx+a, and if you di. 


vide by x+a, 2 = þx+t—x ; and again if you divide by 6. 


XK ＋4 
4 ee ys 2 N | 
1 — ee ED 


PROPOSITION XXIII. 


Fer em be drawn from the ends of the tranſverſe, and 
the center, ſo as to cut any tangent, and alſo if from the 


point of contact be drawn an ordinate, 3 four lines ſhall be pro- 
portional; that i is AO: CP:: GF BO. 


I's Dewonsraarion 
3 19. TA: TC:: TG: TB, .. (by 4 Eu. 6.) AO: CP 
GF: BQ. „ E. D. | | 


onA Arx. 
AOxBQ= CPXx GF. 


PROPOSITION XXIV. 


FF perpendiculars be drawn from the extremities of the tranſverſe, 
and cut any tangent, then the rectangle of theſe perpendiculars 


ſhall be equal to the rectangle of the greateſt and leaſt diſtance of 
either of het ene + e. AOXBQ=AHxHB=BK 


xKA. 


DEMONSTRATION. 
1  BQ=m, AO gn, and AK=HB=g; then (by fimilar As) 
tr (atx+a: : by Prop. 20.) Tt: -&; 9 v:: Ca: 


oY 2: by Prop, 21.) 47: K* end n= = PT gout 
| tiplica- 


Panr I. | Of the ELLIPSE. | 25 
tiplieation, n, „ x K* :: by Prop. 


| TX K“ 
2. P: Ci: pt: Kt; and un pt by Prop. 3.) t—qxq, or AO 
x BQ=A Hx HB=BKxKA. 2. E. D. | 


LE M M A, | 
If, from the ends of the chord AB, the perpendiculars AD, BC, Fig: 7. 
be drawn to meet the circle, then right lines connecting A and C, 
B and D, ſhall be diameters, and conſequently the point of their 
concourſe, O, will be the center of the circle, through which if a 
right line be drawn any how, it will make the alternate ſegments of 


the perpendiculars equal. 


DEMONST RATIO. 

By hypotheſis the angles A and B are right,. (by 31 E. 3.) AC 
and BD are diameters, and O the center; but A OPD is ſimilar to 
AOQB, .:. OB: BQ::: OD: DP; but OB=OD, . BOP. 
2. E. D. | | | * 
PROPOSITION MV. 

F from the interſections (P, S) of a circle, whoſe diameter is the Fig. 8. 

tranſverſe axis with any tangent, perpendiculars P&œ, Sh, be 
drawn, they ſhall cut the tranſverſe axis in the focal points; that is, 
the points E, þ coincide with K, H. ä 


DEMONSTRATION. 8 
The As TBQ, AT O are fimilar to the As TSh, TP, each 
having a right angle, and the angle T common, .. AO: P&:: 
Sh: BQ, and AOxBQ=(P+xSh= by the precedent Lemma Pk 
x At; or hrxSh=by 35 E. 3.) AKx#B or BGA; but AOx 


BQ=A#xKB or AHxHB, by Prop. 24., .. the points H, þ and 
K, & are coincident. E. D. | | | | 
Con IAR. 
_ PKxSH=4pt ; becauſe PKxSH=(AKxKB=7i—qxq= by 
Prop. 3.) ætp. | 
7 PROPOSITION XXVI. 
F to any point of the curve, right lines be drawn from the foei, 
1 and one of the lines be continued; then a right line biſecting 
the external angle, ſhall touch the curve in the angular point. 4 
| | | 2" 


D 


26 


Fig. 9. 


Of the ELLIS E. Pr II. 
DEMONSTRATION. 7 


Take FX FH; then (becauſe by the hypotheſis C XF Tas 
TF ) if you take any point 8, in the line FT, HS=XS, by 4 


E. 1. Draw KS, then K84+(SX=) SH is greater than (KH=) 


AB, and .. the point 8 is without the curve, for if it were in the 


curve, KS+SH (by the Genefis =) AB. 


mo 


. PROPOSITION XXVII. 


12 Es drawn from the foci to the Pu of contact, make equal 
angles with the tangent. 


| DEMONST RATIO NN. 
By Prop. 26. LHFT=(4AXFT=by 15 E. I.) 4 KFO. GED, 


PROPOSITION XXVII. 


Right line perpendicular to the tangent, at the point of con- 
a, biſects the angle form'd by lines drawn from the foci to 
the ſame point ; that i Is, if FV be perpendicular to OT, then KFV 
C. HFT. 
DzMONSTRAT 1 0 u. 
The 2 PFY=2 YFT by hypotheſis, from which if you take a- 
way the 4 KFP=2 HFS, by Prop. 27. there remains ZKF 


IVF H. & E. D. 


7 PROPOSITION XXIX 1 


F, on the tangent at the point of contact, a perpendicular be 
drawn, and cut the axis, it will divide the diſtance between the 
foci, in the ſame pro ion. as lines drawn from the foci to the ſame 


e K: VII. LR” 


axis,” lines be drawn 
the point of contact, then the diſtance on theſe lines, from 8 
0 


DEMONSTRATION.” 


In the AKFH, the 4 KFV YFH' by Prop. 28. 05 the 
3d E. . FH: KY: e. 


PROPOSITION. MX. 


F, on the tangent, at the point of contact, a perpendicular be 
drawn, and if, from the point, where that perpendicular cuts the 
ts ans Beth from the foci to 


of contact to the perpendiculars, will be ual to half the parameter 
of the axis; that is, FqzFr=+p. 8 


DEMONSTRATION. | 
From the points 8, P, where a circle on the tranſverſe cuts __ Fig. 9. 
tangent, draw the lines SH, PK to the foci, which will be 
of con- 


dicular to PT, by Prop. 2 #and conſequently parallel to F 
tinue KF, IIS, till they concur in X; then KX t, and HX= 


2 HS by Prop. 26. and becauſe AKFY is ſimilar AKXH, and A 
KPF, ſimilar AYFq, ..KX:XH:: (KF: FY: ) KP: Fg; 
and KXxFg=XHx P; and :*KXxFq=—tXHx«KP; that 1s, 
_ #txFg=(SHxK P=by Prop op. 25.) pt, FRN but (by Prop. 

28.) YF Fr, and (by 26. E. 1 ) Fr=Fg, . Fq=Fr=zp. 

E. D. Fs 
| PROPOSITION XXXI. 

F perpendiculars from the vertices cut any tangent, then the 

of the tangent, intercepted. between the —.—.— ſhall — 

diameter of a circle, whoſe circumference ſhall paſs thro the foci, 


De MONSTRATIO,N. 

By Prop. 24. AOX BO = AKN KB, . AO: AK:: KB: BQ Fig. 10. 
but the angles OAK, and QBK are right, .. by 6. E. 6. the As 
OAK and BOK are ſimilar, and AOR QR B. But 4 AKO 
＋CAOK L... AKRO+QKB=L, and conſequently (by 13 E. 

- 1,) OK mT, and (by 31. E. 3.) OQ is a diameter of a circle, 
whoſe periphery will paſs e K. In like manner the EVER. 


e r gue L E. D. 
CO ROLL AXVV. 
obe biſeQted i in N, then NON SNK NH. 


PROPOSITION XXXII. 


F, from either focus, a right line be drawn through the point of pig. 11. 
contact. and continued til! it be equal to the tranſverſe axis, and 
the extremity connected by a ſtreight line to the other focus; then 
the diſtance between the center, and the interſection of the laſt line 
E oat is equal to half the tranſverſe axis; that i is, CS = 


. 
| In the As HCS and H KX, the KHR is ame. at 
H; allo HS SX by Prop. 26, . (by 6. E. 6.) the As are 
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"* 


28 


Fig. 12. 


Fig. 12. 


bebe: But #X—K*=Y* x5, „ gb Y=gxtX—X", 


0f the ELLIPSE. Pax II. 
fimilar, and CS is parallel to K N; alſo CS= EXK=3AB=)CB, 3 


E. P. 
PROPOSITION XXII. 


1. from the focus, a right line be drawa to the point of contact, 
and another through the center parallel to the tangent, then che 

ce between the point of contact, and the * * theſe 
lines, is equal to. half the tranſverſe axis. | 


DE MON ST RATIO. 
Draw CS parallel to K F; then is the figure Z CS Fa eratlelo. 
gram, and ZF=(CS=by Prop. JA BG; 2. E. D. 


PRO POSITION XXXIV. 


F to the tangent, drawn to the vertex of any diameter, a right 

line be drawn parallel, the part of that line which lies within the 

curve ſhall be biſected by the diameter; that is, x, alſo A * 
+ACVo=ABCS=Adpz+ACdr. | 


" DzMONSTRATION. 
Let dz=y, dp==c, Cd==n, BSz=r, dr p, Vx=Y, CV=g, 
Voq, Vp=hb, Bd=x, — 8 BV=KX. Then, I. (from fimilar As) 
2— 0 n e a 
= = by Prop. 08 But JF = Gon 


vide by, and 5 x; ich multiplied by cry, gives +tcy=ry* 
28 


* But y* 55 by Prop. 2, z rey ux, and 37cy 


beet 9 ru ; and (by 5 E. 2.) = 
T , . Hoyb+rn = x37", Divide by +7, and „e 


rxxt; by fimilar As, t: :: : p, 1 0 p.. (by ſubſtituti- 


2%" e or dx dæ Adr x Cd= 58,50, that is, ABSC 
=Adpz+Car. Kg: 


2, By ſimilar As 3-( S = by Prop. 22.) S but p = 


7 0 E; divide by 2 145355; eee 


7 


and 


Pak II. Of che BLLIPS E. 
and ghY +9g*=gxfX—X*+g3 ; but (by 5. E. 2.) XX Ag 


Al, therefore gb Vg gg; divide by g, and bY +gg== 


| * 


; but ::: r, er, and (by ſubſtitution) Y 


qgg=rx:t, that is, VoxVx+Vox CV=CBxBS, or A Vxp+ 


ACVo= (ABCS= by the iſt part) A dpz+ ACadr. | 
3. From both ſides of the laſt equation take Ap4C, and there re- 
mains A hr and ſimilar to A ox, . xb=bz. 2, E. D. 


PROPOSITION: XXXV. 
"TS ſame things being ſuppos'd as in the laſt, the A BSC= A 
CFT; alſo the Trapezium d BSr= A pdz ; the Trapezium 
FbpT=A br; and FTT PFS Abr. 


DEMONSTRATION. 

From ſimilar As BS:FG : : (BC: GC:: by Prop. 14.) CT: BC, 
*. BSX BC=FGxCT, or A BSC= ACFT= (by Prop. 34.) A 
pdz+ACdr; from the 11t. and 3d. Equ. take A Car, and there 
remains the Trapezium dBSr=Apdz ; alſo from the ad and 3d 
take the AC, and there remains the Trapezium FbpT= Abzr, 


*. (by the Lemma to Prop 11. of the Parabola) FT+pbxbF=26 


xbr, 2, E. D. 
WE! LEM MA. 


The fame things being ſtill ſuppoſed, V bn T z b br; for 
YC= (FC): bC Fr 


FT bp: bp; and (by alternation YC+bC=) Yb: FT+bp: : 
(bC : bp: :) np=bF : nT, .. Ybx nT= (FT+bp X bF= byLem- 


ma to Prop, 11. Part 1.) zb x br. | 
DRIN ITI oO. | 
If (FS: FQ) br: bz: : 2FT:P, the parameter belonging to 
the diameter FY, then P=bz * Hi 
| PROPOSITION XXXVI. 
A any diameter is to its parameter (fo obtained) fo is the rectan- 
gle of any abſciſſas of that diameter, to the ſquare of the or- 
dinate which divides them ; that is, of you put D for the diameter 
FY, x for the abſciſſa F 5, and ) for the ordinate bz bx, then) D : 
P::D=xzxx:y. 


DE- 


: bp, and by compoſition YC+bC: bC: : 


Fig. 12. 


Of te ELLIPSE Px II. 
DEMONSTRATION. 


by U the Definition, P=y 3 = * . Es 


Dee bur If ( 25 by fimilar ah 


Tn xxx { y = 2 
fp pr and (by ſubſtitution) pe—q==( bB To- 
(by the preceding Lemma), x * br=) y*, and . D: P;: Dx 


* , E. D. 


PROPOSITION XXXVI. 


+ S any parameter is to its diameter, ſo is the ſquare of its conju- 
gate, to the ſquare of the diameter; 5. e. P: YF: FY q: 


Eg 
DEMONSTRATION. 
In this caſe x D, and y C, . by the laſt, D: ED 


| ©: 9 D*: C. or P: YF::FYq: XDq. 


COR OL L AR x. | 
Hence any conjugate diameter is a mean proportional between 
the diameter to which it is Conjugate, and the parameter of that di- 
ameter; for by this Prop. DP=C*, .. D: C:: C: P. | 


PROPOSITION XXXVIIL 


Fig. 13. 1 F a tangent cut any diameter, and if, from the point of contact, 


an ordinate be drawn to that diameter, then as the diſtance be- 
tween that ordinate and center is to the abſciſſa, ſo is the diameter 
leſs by the abſciſſa, to the ſubtangent on the diameter continued ; 


that is, CP: PF: : VP:: PT. 


DEMONSTRATION. _ 

Let GQ be an indefinitely ſmall part of the curve, and e 
till it cut the diameter produced in T. Draw the ordinate GP, and 
el to it Qo, and Gr, parallel to the diameter FT. Put VF 


=D, FP=x, ej: =y, Gr=n, Qr=m, and F T=9. Then YP= 


D- Yo D- x-, oF=x-þn, N and PT=a+x, | 
_ Denon n::y:a+x, unn, 2 rife 36) 
. n D: P 


Parr I. Of He ELLIPS E. 

D :P: Da-. Alſo D: P:: Dx—x*+Dn—2xn—n: 4 
2 ym+-m*, .* Dy DP, and Dy*'+2 Dy m=PDx— 
PLD Pes, x PDx—Px + PBs--2 Pipe 
(Dy=) PDP“, and PDa—2 Pxn=2Dymy; therefore n= 


2Dym _ But 3 x 0. e (PB 3 


1 PD=2P%z m 
D* 8 hs 
. 3 = (becauſe by 36. Dx—x*) Dx—x* 2 


. DE, that Is, D: "+ : D—x :x+4, or 


CP:PF::YP::PT. 2, E. D. 


PROPOSITION XXxXIX. 


I F a tangent interſe& any diameter, and, from the point of con- 
tact, an ordinate be drawn to that diameter ; as the ſemi-diame- 
ter les by the abſciſſa, is to the ſemi-diameter ; ſo is the ſemi-dia- 
meter, to the ſemi-diameter added to the external part of the diame- 


ter produced to the interſection of the tangent ; Fu CP:CF::CF 


:CT. 
DEMONSTRATION. 


Fig. 13. 


CP-+PT=CT. But CP=+D—x, and PT (by the lf) 2 


Dx -x 4 * 

8 ; alſo CT=+D-þa, . DA (3 D- A= ; ==) 
. and 1 Dx: 1 D:: 1D: 2D; or, CP: CF :: CF: 
CT. . D. : | . « 


PROPOSITION XI. x 
HE ſame things being ſuppoſed as in the laſt, it will be, 
= as the ſemi-diameter leſs by the abſciſſa, is to the ſemi-diame- 
ter; ſo is the abſciſſa, to the external part of the diameter produc'd 
| to the interſection of the tangent ; i. e. CP: CF: PF: PT. 


DEMONSTRATION, 


By Prop. 39. -D iD b. D.. 
*a, and De that is, D- x: D: 2K 1243 dal : CF:: 


rr. | 0 


Wen, PRO-. 


" 


”_— Of the ELLIPSE Par II. 
PROPOSITION XII, 

S the ſemi-diameter leſs by the abſciſſa is to the ſemi-diame- 

ter, ſo is the diameter leſs by the abſciſſa, to the diameter ad- 


ded to the external part of the diameter — to the tangent; 
1. er: :. 


. DER MON ST RATIO N. 


2 Dæ 2 Dx 
By Prop. 40, = therefore D+a= r 


5. — i.e, 1D x: 1D:;: D- x: Da, or CP: CF: | 


YP:YT. L. E. D. 


2 PROPOSITION XI. 


Pg. 13. S the diameter leſs by the abſciſſa, is to the diameter added to 
the external part, ſo is the abſciſſa, to the external _ of the 
eter produc'd to the tangent ; 1. e. VP: YT. : PF: 


DEMONSTRATION. 
By Prop. 40, +D—x:+D::x:4; and (by Prop. Ds 
:+D::D—x: Da, . (by equality) D—x:D+8a::x:4; or 
VP; :YT; PF: FT. 


r XLIN. 


1 $ the ſemi-diameter added to the external part, is to the ſemi- 
| * N 9 1. e. CT: 
: FT: FP. 


. | 
By Prop. 40, Da Dx, 155 T ; that is, : D+a 
:+D::a5x or CT:CF:: TP. PF. | 


PROPOSITION XLIV. 


S the ſemi-diameter added to the external part, is to the 4 
meter added to the external ſo is the external part, to 
the ſubtangent; 1. . CT: TT:: PT. 


AY DE 


1D ＋2 


| A S the ſemi-diameter added to the external part, is to the ſemi- 


A, 


Parr II. Of the ELLIPSE. 


DEMONSTRATION. 


| iDa 204 | 
By Prop. 43, = B , therefore x + a= FN * 


Dore, that is, +D+@: D+a: : a: *+, or CT: T:: FT: 
P | 
PROPOSITION XLV. 


diameter; ſo is the diameter added to the external part, to 
the diameter leſs by the abſciſſa; that is, CT: CF: : VT: YP. 


 DxMonsTRATION:. 
By Prop. 41, D- x: D:: D-x:D+a; and (by Prop. 39.) 
DD Dir De, De: D:: D: D-, or 
CT: CF. YT: YP. 2, E. D. 


 _PROPOSITION XIV.. 


8 the diameter leſs by the abſciſſa, is to the ſemi-diameter ; ſo Fig. 13. 
is the ſubtangent, to the external part of the diameter produ- 
oed to the tangent ; that is, VP: CF::PT:FT. 


DEMONSTRATION. 
-Dx 


By Prop. 40, Da- xa = Dx, 1b ; and D—x 
= Gοαs D, that is, r +D::a+x:4; or 


YP: CF::PT:PT. 9. E. D. 


PR OPOSITION XXVII. 


the diameter added to the external part, is to the ſemi- dia- 
meter; ſo is the ſubtangent, to the abſciſſa; i. e. YT: CF 
EF: 


DEMONSTRATION, 
Da 


By Prop. 40, :Da=!Dx+xa; therefore D and 


Da = (4D+2%= 2. that is, Da: xD: :x+8: 
x, or YT; CF: Pr. PF. 8 2 D. 


PRO 


_ Of the ELLIPSE. Pazr II. 


PROPOSITION XLVIII. 
F, from the extremities of two conjugate diameters, ordinates be 
drawn to the axis; then the diſtance on the axis between the 
center and one of theſe ordinates, is a mean proportional between 
the ſegments of the axis made by the other ordinate ; that is, AG : 
CH::CH:GB; or, AH:CG::CG: HB. | 


DEMONSTRAT ION. 


Fig. 14. Draw the tangent FT, which will be parallel to CD by Prop. 

34. And let BC t, CHa, GT, and CG=x. Then GB 

t- x, and AG=t+x; and (by the 4. and 22. E.6.) GTq: 

CHq:: (FGq: DHq: : by Prop. 1.) AGxGB: AHx HB. But 

| (by 5. E. 2.) AGx GB=BCq—-CGq, and AHx HB=BCq— 
-CHa ; 


— —— —— — = 
— 
- 


. GTq: CHq: : CBq-CGq: CBq—-CHq; that is, 3 
4 tf —x*:t—a*, But (by Prop. 13.) CG: GB:: AG: GT; 
| | | that is, : T— K: :41+X38;z . e ome, e. and = DES — 


conſequently — —. . : ot —of; and if you di- 


vide the two firſt terms by .. 1: : 4:4] and, by 

ꝗůüüg —— .* 
compoſition, #* : a* : : (1+ 5 = 
ply the two laſt terms by x*, ::: i : &f—x*, . a. -x, and 
t+x:a::4:t—x; or, AG: CH:: CH: GB. In like manner 
we may prove that AH: CG : : CG: HB. 


a; =: ; and if you multi- 


-CoRoLLaRrRy I. 

Hence it is eaſy to draw a conjugate diameter, without drawing a 
tangent. For, if you produce the ordinate FG, to I in the circum- 
ference of a circle on the tranſverſe axis, and make CH =I, then, 
from H, draw the ordinate H D, and laſtly, from the point D, thro' 
the — draw DCX, and it will be the conjugate diameter re- 
quired. 


CoRoLLARY II. 

The ſum of the ſquares of any two diameters, as (XD and FY) iö 
equal to the ſum of the ſquares of the tranſuerſe and conjugate axes. 
For if @ be put for CG, then (by Prop. 1.) C: c:: (AH q 


\ 


Parr II. Of the ELLIPSE. 

=by this Prop. CGq=) *: HD and (by this Prop.) 
CHq=z (AG x GB=) ZH - !; . (by 47. E. 1.) CDqzz#*— 
4＋ Æ＋, allo (by Prop. 1.) *: e (AG x GB=)46—0*: FGq 


_ 20. . ca - whence CDC Fq= 


Tt* +5. 

PROPOSITION XLIX. 
TF any ordinate to the axis, as GF, be produced to the periphery 
I of a circle on the tranſverſe axis, as to I, and if, from the points 
F and I, tangents be prawn to the reſpective curves, they will both 
interſect the axis produced in one and the ſame point T. 


DEMONSTRAT I 0 N. 

Draw the radius CI, and put BG=x, AB t, BT=a, and GI 
. Then TGx GC= (Glq=z) GBx GA; i. e. a+x x = 
= (y*=) x x t—x, . TX Ha- ax, or H -x: I: : X: a. But 
in (the Ellipſe, by Prop. 15.) at- & : :: Xx: 4. In both curves 
the three firſt terms are the ſame, therefore the fourth term, vi. a, 
=BT, is the ſame ; and conſequently the point T is that wherein 
both tangents will interſect. Q. E. D. 


CO OLETLT AA I. 


Hence any point in the curve being given, we have an eaſy me- 
thod of drawing a tangent to touch that point; for if, from the gi- 
ven point F, you draw the ordinate FG, and produce it to the pe- 
riphery of the circumſcribing circle in the point I, and draw a tan- 
gent touching the circle in that point, as IT, then the point T, 
where that tangent cuts the axis produced, is the point, to which 
if, from the given point in the Ellipſe (viz. F) you draw a right 
line, it will be a tangent. 


| CoD LEtAMT IE 

Hence alſo if, from the point T, given in the axis produced, it 
be required to draw a tangent to the ellipſe, tis eaſily done. For 
if, on CT, you deſcribe the ſemi-circle CIT, and obſerve its inter- 
ſection, I, with the circle deſcribed on the tranſverſe axis; then if 
BZ be made equal to BI, and IZ be drawn, and if, from the point 
F, where that line cuts the curve, the ſtreight line TF be drawn, it 
will touch the curve in the point F. * Soeno- 
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Fig. 15. 


8 _—  - Re AA — — — - _ 


Fig. 16. 


Fig. 17. 


Fiz. 17. 


—CK=KT ; that ins kr. Allo CTECV=VT, 


Of the ELLIPSE, Pur II. 


SCHOLIU M. 


From this Propoſition it is evident, that all the properties of tan- 
gents which have been demonſtrated in the ellipe from be 13. 
to Prop. 21, incluſively, hold good alſo in the circle. 


PROPOSITION. L. Problem. 


Feen any given point, as T, * where without the ellipſe, to 
draw a tangent. 


CONSTRUCTION. 


From the given point T, through the center, draw the right 115 


'TFCY; and, to the diameter YF (by Corol. to Prop. 48.) draw 


the conjugate diameter DX ; then at pladfore make the angle VTS, 
and on TS, ſet TR=TC, and SR=CF ; join RF, and, parallel to 
it, draw 8 P; laſtly, through P, and para nite the conjugate diame- 
ter, draw GN; then if, from the point PT to G or N, right lines 
be drawn, they will touch the ellipſe in thoſe points, 


DEMoNSTRA T 1 0 N. 
By Conſtruction, and 2. Eu. 6. TR:RS::TF:FP; but TR 


=TC, and RS=CF, .. TC:CF::FT: FP, and (by Prop. 43.) 
TG, or TN are tangents. 


PROPOSITION LI. 


F any ordinate to the axis (as V x) be continued to a point (N) in 

the focal tangent (T O), then the diſtance (VN) from the axis to 

that point in the tangent, ſhall be equal to (K x) the - diſtance from 
the focus to the extremity of that ordinate, 


DEMONSTRAT I 0 N, 
Put CK=b, BCS, CV =d;then AK=b+c, BKS c-, VK 
=b+d, BV=c+0, and AV- cd; and K being the focus, (by Prop. 
4.) KL will be half the parameter of the axis ; and (by Prop. 3.) 


CB:AK::KB:KL; or 04-5 nn 
CK:CB::CB:CT, or b:c: 7 75 =CT, by Prop. 14. But CT 
C—b* 


that 
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that is, Fr rr. But (by fimilar As) KT: KL. Vr 


VN; c- —b* 4434 ©+bd 
and de Eoin walls 


2. By Prop. 2. CB:KL::AVx VB: V q; an Eres 3 


c- d& 
76 
VKq+Vxq=Kxq; that is EEE ES Kg, and (by ex- 


=VN. 


— .: =Vxq; and VKS Ad. But 


tracting the ſquare root) +24 K x = (by the firſt part) VN. 


9. E. D. 
r 


The conjugate axis continued from the center to the focal tan- 
gent, is equal to the ſemi-tranſverſe axis; i. e. CZ= (KE=) CB. 


PROP SITION” IL 


F ndiculars be drawn from the vertices to the focal tangent, 
en theſe perpendiculars ſhall be equal to the diſtance (in the 


axis) from — vertex to its adjacent focus reſpectively; that is, AO 
=AK, and BQ=BK. 


DEBMONSTRATIO V. 


By Prop. 24. AO x BQz=ARx KB," . AO: KA:: BK: BQ 
but AO AK, by Prop. 5 1, . KB=BQ. 2. E. D. 


PROPOSITION LL 


F, from the point of contact of the focal tangent, a right line be 
drawn to the vertex, and any ordinate be produced to the tan- 
gent, and cut that line, then the diſtance between the tangent and 
interſection of theſe lines, is equal to the diſtance (in the axis) from 
the focus to the application of the ordinate ; i. e. DNK V. 


een 
The AL DN is ſimilar to A LOA, OA: DN: : (LO: :LN 
5 KV; but by Prop 51, AO-LAK, therefore DN=K V. 


9. E. D 
PR O- 
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Fig. 18. 


Y, conſequently y*= (ee 


Fig. 19. 


Fig. 19. 


Of the ELLIPSE Parr II. 


PROPOSITION LIV. 
F, from any point (P) of the conjugate axis, a right line, PO, e- 
qual to the difference of the ſemi-tranſverſe aud ſemi-conjugate, 
applied to the tranſverſe axis, and from thence continued, fo that 


the external part, O F, be equal to the ſemi-conjugate axis, then, I 
ſay, the extremity, F, of that line ſhall be in the curve of the ellipſe, 


DEMONSTRAT I 0 N. 
Put CO, O G=4, C G= (b+d=) x, and the other ſymbols 
as uſual ; then POS t- c, and OF c. Then (from ſimilar 
As) &: d:: 1 -c: Tc, and (by compoſition) (b+d=) x: d ü 147 


Te, **: : : 2 F. Kc, nd (4= by 47. E. 1.) 2c 


N *, TF: 
be:: TTT TA: y; or ACq:EDq::AGxGB:GF q. 
QE. D. 


PROPOSITION LV. 
F a circle be drawn on the tranſverſe axis of the ellipſe, and ordi- 
nates be drawn to both curves; it will be, as the tranſverſe axis 
is to the conjugate, ſo is any ordinate in the circle, to its correſpond- 
ing ordinate in the ellipſe ; that is, AB: DE:: 59: gr. 


DEMONSTRAT 10ON. WET 
By Prep. 1. ABq: DEq:: AsxsB=by 35. E. 3.) 19%: 57}, 
 AB;DE: 39:57. D. 


PROPOSITION LI. 


S the tranſverſe axis is to the conjugate axis, ſo is the area of a 
circle on the tranſverſe axis, to the area of the ellipſe. 


| DEMONSTRATION, 

In the following demonſtrations, let © 7 be the circle on the tranſ- 
verſe, Oc the circle on the conjugate, O the ellipſe, and © y/ 7 c the 
circle whoſe diameter is the ſquare root of F into c; then, 

By Prop. 55. t:c:: (59: :: by 12. E. 5. all the $gs: all the 
153) ©: S. N.. D. 
| PRO- 


Of the ELLIPSE. * 


PROPOSITION LVII. 


PaRr II. 
TY area of every ellipſe is equal to the area of a circle, whoſe 
diameter is the ſquare root of the tranſverſe axis into the con- 


jugate. 

DEMONSTRATION. 
By Prop. 56. Of: Oriſtic:t tet: : by 2. E. 12.) Or: 0 
te, . ©=Ovtec. 2. E. D. 


Conor T A 
Ot: “:: Oꝛtc; that is, as circles are to the ſquares of their di- 
ameters, ſo are ellipſes to the rectangles under their tranſverſe and 


conjugate axes. 
PROPOSITION LVym. 


Fen ellipſe is a mean proportional between the circle on its 
tranſverſe and the circle ork its conjugate axis. 
2 50 8.0 Bn EEE 


Prop. 56. Ot: O:: (t:c: te :: by 2 E. 12. OV*c: Oc: 
by N , 57.) ©: Oc. 9. E. D. 


PROPOSITION LIX. 


Eien ws are to each other in a ratio compounded of the ſub- pig 20. 
duplicate ratio of their parameters, and ſeſquiplicate ratio of and 21. 
their — axes directly. 


DEMONSTRATION. 
By Prop. 57. E=OvTC, and e OV, . E: e:: (OTC: 


OV :: by 2. E. 12. TC: fc: : becauſe tp TIP 
E. D. 


PROPOSITION IX. 


Arallelograms drawn with their ſides parallel to the conjugate pig, 22 
diameters, and circumſcribing the ellipſe, are equal. 


DEMONSTRAT 10 N,. 
„u the een axis defribache circle æN D; continue the or- 
dinate through the point of contact to I; draw the ordinate M X, 
and C4 perpendicular to the tangent ; then, I fay, Deng 


Of the ELLIPSE. Parr II. 
x Ck. For, if for GI= (by Prop. 48.) CX we put 6, Cans 
CM=D, Cd, GF=y, Cx=c, and C; then, 


be 
By Prop. 55. y: br: cr, „ F and niſin 07 of 


: 
1 
- 


c: d; alſo by ſimilar As &: D:: p: d, 4 (4=) 7 „or 
N i. e. Cd x CMS C xXx CE. & E. D. 


PROPOSITION IXI. 


| 
| Fig. 17. S the diſtance between the foci, is to the tranſverſe axis, ſo is 
| the diſtance between the foeus and the vertex, to the diſtance 
between the vertex-and interſection of the focal tangent with the 
| axis 3 1. e. KH: AB:: BK: BT. 


DEMONSTRATION. 
By Prop. 17. AK: BK:: AT: BT. . . AK— (BK=) AH: 
BK:: AT- BT: BT); that is, HK: BK:: AB: BT. 2. E. D. 


PROPOSITION ILXII. 


FT a right line be drawn from the focus to any, point of the curve, 

| and, from that point, a line be drawn parallel to the axis, and 
Fig. 17. continued to the perpendicular which cuts the axis produced in the 

int of interſection of the focal tangent ; then theſe two lines are 

| in a conſtant ratio, vi. as the diſtance between the foci is to the 


tranſverſe axis; 7. e. K E: Ex:: KH: AB. 


DEMONSTRATION. 


By Prop. 51. CS KE, and, by Prop. 52, BQ=BK ; but (from 
 Gmilar As) Cz: TC: BO BT; that is, KE:En::(BK;BT 


: by Prop. 61.) HK: AB. 2. E. D. 


PROPOSITION LXIII. 


93 focal diſtance of any point in the curve, is to a perpendicular 
tet” fall from that focus to the tangent of the ſaid point, as the 
ſemi-conjugate diameter, to the ſemiconjugate axis. | 


| | | DzMONSTRATION. 
Fig. 23. The As FHI, FKL are ſimilar, . HF:FK::HI:LK; i. e. 
_ HF+FK: HI--LEK:: BC: CO::FH:HI: :BCx CD: COx 
CD; but (by Prop. 60.) OO CD=BC x CE, ' FH: HI:: 
BCP: BCE: CD: CE. 2. E. D. Conic 


Conic Sections. 
r 


Of the HYPERBOLA, 
The GENESIS. 


continued both ways, BK be = AH, and the point G taken 
any where in that line (without H and T); and then if with the 
radius AG from the point H, as a center, you deſcribe an arc, and 


T: upon a plane, any ſtreight line, AB, be taken, and in that line, pig. 1. 


with the radius BG, from the center K, you interſe& the former arc 


at F; and laſtly if from the points H, and K, you draw the lines HF 
and FK, I ay HF-FK=AB. | 

For, by conſtruction, HF= (AG=) AB+BG; and FK 
BG, .. HF-FK= (AB+BG—BG=) AB. In like manner, 
an indefinite number of points may be found ; and the curve line 
drawn through them is called an Hyperbola. 


N DEFINITION 8s. 

I. The points H, and K, are called the focus points. 
2. A diameter of the Hyperbola is a right line which paſſes thro? 
C, the middle of AB, and being produced biſects the part within 
the curve of all els to the tangent at the vertex of the curve, 
and the lines ſo biſected are called ordinates to that diameter. Thus, 
F is a diameter, b, 52, are ordinates, being parallel to the tan- 
gent FT, which touches the curve in F, the vertex of the diameter. 

3. The point of concourſe of all the diameters (as C) is called 

4. That produced diameter to which the ordinates ſtand at right 
angles La, AB) is called the axis, | 

5. The common interſection of the diameter produc'd and the or- 
dinate (as G, or 6,) is called the point of application. 

6. That part of the diameter produced, which is interc be- 
- _ rm and point of application, is called the abſciſſa, as 

„ or Fb. 


be drawn, and continued both ways, and then if, from ne, 
0 N F | M | - 


Fig. t. 
Fig. 2. 


7. If on (B) the vertex of the axis, a perpendicular to the axis 


42 


Fig. 3. 


Of the HYPERBOLA. Pazr III. 
with the radius CK, you interſect that perpendicular in the points 
D and E, right lines paſſing through the points CE, CD, are called 
aſymptotes; and the perpendicular intercepted between them (as 
ED) is called the conjugate ax1s. | | 


PROPOSITION I. 


S the ſquare of the tranſverſe axis, is to the ſquare of the con- 

jugate axis; ſo is the rectangle of the tranſverſe added to the 

abſciſſa, into the abſciſſa, to the ſquare of the ordinate applied to 
that abſciſſa; that is, AB: DEq::BGx AG: GFq. 


DEMONSTRAT I 0 N. 
Put AC t, Akte, CG=x, CR CHI, GP); then 
GK=x b, and KH=256, and let FK=z ; then (by the Genefis) 
FH=#-+2, and AEq+ACq= (CEq=) CKq; that is, 1c 
* b by 47. E. 1. and (by 12. and 13. E. 2.) HFqz=K Hq+ 
FK ZKF GK; that is, *+272+2*=2*+4b*+4bx—44, 
. 1 ; and by ſquaring both ſides,” 00's _ LL 
= (2*=) y*+x*—2#x+6* ; which being clear'd of fractions and 


' contradictory terms, will become 1645 x*+f =47* * +4 f x* +4 tf 


b* and if, for 164* and 46˙ in this equation, we ſubſtitute their re- 
ſpective values in the firſt, and throw away contradictory terms, and 
divide by 4, we ſhall have TY CN -,, which reduced to an 
analogy, gives C:: : x+xt x x-—+t: %; or ABq;DEq::BG x 
AG:FGq. 2. E. D. 


CES ROLLARY. 


Loet the tranſverſe and conjugate axes be repreſented by 7, and c, 
any abſciſſa, and its ordinate by x, and y; then by this Theorem ?!: 
c:: xXx: ff =O tx + x*, which is the equation of 


the curve. 


DEFINITI 0 N, 
A third proportional to the tranſverſe and conjugate axis, is called 
the parameter of the axis; that is, if p be put for the parameter, ?: 
ELECTED iPm=c?. | 


PROPOSITION I. 


A $S the tranſverſe axis is to the 8 of the axis, ſo is the 
; tranſverſe added to any abſci 


a, into that abſciſſa, to the —_ 
N | P 0 


#4 * 
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of the ordinate apply'd to that abſciſſa ; that is, : P:: TTT x: 9, 
DE MON ST RAT ION. y 


By the conſtruction of the eter, C H; and if, in the e- 
quation of the curve, we ſubſtitute 4, for cc, we ſhall have 75 


43 


tpx+px* (the equation of the curve in the terms of the parameter) 


which being reduced to an analogy gives #:Þ::/+xx x: y* 
2. E. D. 5 
COROLLARY. | 
As the rectangle of the tranſverſe added to any abſciſſa into that 
abſciſſa, is to the ſquare of the ordinate applied to that abſciſſa ; fo 
is the rectangle of the tranſverſe added to any other abſciſſa into that 
abſciſſa, to the ſquare of the ordinate apply d to that abſciſſa ; for (by 
this Prop.) t+x xx: :: (T: P: XXX: V. 


PROPOSITION III. 
S; half the tranſverſe axis, is to the ſum of the tranſverſe and 
focal diſtance; ſo is the focal diſtance, to half the parameter 
of the axis; that is (by putting -q for the focal diſtance) 2 : +f+9 
31 13: 5 | 90 


DEMONSTRATION, 

CK (=CE)—AC=AK ; that is, TP Hi —xt=q; but (by 
Prop. 2.) $O=4pt, . VITA p—tt=9q; and tp=tg+9*; 1.6. 
#t;t+4q::9:iÞ, Q,E.D. x . 


PROPOSITION IV. 


HE parameter of the axis is equal to double the ordinate paſſ- 
ing through the focus; that is, (if y be put for the ordinate 
paſſing through the focus) y, or p=2 y. 


DEMONSTRATION, 


By Prop. 2. (if you put 9 for the focal diſtance) P:: 
y* and (by Prop, 3.) t+gq x . . (by ſubſtitution) ?: p:: 
9. E. D. 


( =), and + þ=y. 


PROPOSITION V. 


| \ 5 the ſum of the tranſverſe axis and. its parameter, is to the di- 
ſtance between the foci; ſo is the diſtance between the foci, to 


the tranſverſe axis. 


F 2 DE- 


Fig. 3. 


* 1 p * , 
\ . > 4 1 « N of 4 , 2 p q — 
. 9 0 * * 4 . 2 
oo Py ff 5 7 R. 1 
= - , 
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DEMONSTRATION. 


Put K H=; then == (+KH=CK=CE) V, and 
rte, or c. But (by Prop. 2.) tp, . b*= 
„Arp; that is, +p:5::6:7, M E. D. 


PROPOSITION VL 


\ Fourth proportional to the conjugate axis, tranſverſe axis, and 
any ordinate, is a mean - proportional between the tranſverſe 


added to = abſciſſa, and the abſciſſa of that ordinate. 


DEMONSTRATION, 
Let the fourth proportional be &; then c: T: : : , and b. 
But (by Prop. 1.) f: C: Tx Nx: or F: c:: t+xxxiy; 
therefore / Fraxx=(=) 6. Q. E. D. 


PROPOSITION VII. 


A the ſ quare of any ordinate, is to the rectangle of the tnt. 
verſe added to the abſciſſa into the abſciſſa; ſo is the ſquare of 
the conjugate axis, to the ſquare of the conjugate axis ſubducted 
from the ſquare of the diſtance of the foci. 


DEMONSTRATION. 
Let the diſtance between the foci be &; then c =b*, and &* 
=b*—c*, But (by Prop. 1.) Pikhxaxx:io: (=) b*—&, 
D.. 8 ö 


PROPOSITION VII. 
A S the ſquare of any ordinate, is to the rectangle of the parame- 
ter of the axis into the abſciſſa ; ſo is the ſquare of the conju- 
gate axis added to the ſame rectangle, to the ſquare of the conjugate 


axis; i. e. y. p:: *: *. 
DEMONSTRATION. 

By the equation of the curve, f*y*=& tx + x* ; and (by Prop. 

9 „ (by ſubſtitution and expunging) c) c: P- 


that is, *: px :: D: . L. E. D. 
e e 3 


» 1 
I 
\ 
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| PROPOSITION N. 


As che diſtance from the center to the ordinate drawn from the | 


int of contact of any tangent, is to the abſciſſa of that ordi- 

nate; ſo is the ſum of the tranſverſe and abſciſſa, to the ſubtangent ; 
that is, CG: AG:: BG: GT, | 

DEMONSTRATION. | 

Suppoſe Fp, an indefinitely ſmall part of the curve, and produc'd 

ſo as to cut the axis in T; draw the ordinate FG, and, parallel to 

it, p; draw Fr parallel to the axis, and put AT , Fr=q, G 

u, and rp=m. Then GT=a+x, Bq=t+x+n, Agzx+1n, and 

Pn. But pr: F:: FG: GT; that is, m:n::y:x+a, 


1 1 =x+4, and (by Prop. 2.) f: p:: t+x+nxx+n: y+mx 


In; alſot:p::t+xxx: y*; whence (from the firſt analogy,) 
ptx+ptn+pxt+2pxn—2tym=(ty'= from the 2d. analogy) ptx 
| 2tym | 
p, v. ptnapxn=ztym; and n= 72 57 But a eur 
2 | = „ 
= edge ar. Friis m N þ Fan T 
2 2tx+2x* , tx+x* 1 T0 IM. 
2 * — . Tr that is, *r &=; t+x: 
a+x, or CG: AG:: BG: GT. & E. D. 


PROPOSITION X. 


As half the tranſverſe added to the abſciſſa of the ordinate from 
the point of contact, is to half the tranſverſe axis; ſo is half 
the tranſverſe axis, to the diſtance (in the axis produc'd) from the 
_ to the interſection of the tangent ; that is, CG: CA:: CA 


DEMONSTRATION. 


CT=CG—-GT. But CT-, CG=3t+x; and (by the 


WD. PRA. Tx“ 1 $ 
laſt) GT= Tre Conf a=(+t+x ra and a7 


& : 11: : 1 t: 21-4, or CG: CA:: CA: CT. E. D. 


PROPOSITION XI. 


S half the tranſverſe added to the abſciſſa of the ordinate drawn 
from the point of contact, is to half the tranſverſe W 


Fig. 4. 
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Fig. 6. 


By Prop. 11. 2 2 nen 
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the abſciſſa, to the diſtance from the vertex to the interſection of the 
tangent; that is, CG: AC:: AG: AT, 


DEMONSTRATION, 


By the laſt, 17 42 , therefore a= ; and x: if 


tx it +X 


x38; of, COLE AD:ST. KEE. D., 


PROPOSITION XII 


S half the tranſverſe added to the abſciſſa of the ordinate from 
the point of contact, is to half the tranſverſe ; fo is the tranſ- 
verſe added to the abſciſſa, to the tranſverſe leſs by the external part; 
that is, CG: CA:: BG: BT. 4 
"DEMONSTRATION. 
N IX IH +3tx 
Io 


Tx: I:: X: T-; or CG: CA:: BG: BT. 2, E. D. 


PROPOSITION XIII. 


S the tranſverſe added to the abſciſſa of the ordinate from the 
point of contact, is to the tranſverſe leſs by the external part; 
o is the abſciſſa to the external part; that is, BG : BT : : GA: AT, 
DEMONSTRATIO V. 
By Prop. 11. tx: 21: : X: a; and (by Prop. 12.) +t+x: 
T:: t+x : t—a, .. (by equality) T＋ &: - 4: : X: 4; or BG: 
BT: : AG: AT. , E. D. 


. PROPOSITION XIV. 


S half the tranſverſe leſs by the external part, is to half the 
tranſverſe ; ſo is the external part, to the abſciſſa of the ordi- 
nate from the point of contact; that is, CT: CA:: AT: AG. 


DE MON ST RATIO N. 
By Prop. II, 4 5 
4: &; O OT: CA:: TA: AG. 2, E. D. 


PROPOSITION XV. 


S half the tranſverſe leſs by the external part, is to the tranſverſe 


leſs by the external part; ſo is the external part, pod 
0 


> | 

Fx ta 
— 3 whence x=— 
21 -X | 


„ and if—a: it:; 
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ſciffa of the ordinate from the point of contact added to the external 
part; that is, CT:BT::AT: GT. 


DEMONSTRATION. 


ita -xta Fa — * 
By the laſt, x=- Sy & ＋4 = (+7 —=) == 


—:t—a::a:x+a; or CT: BT: AT: 'GT 9. E. D. 


PROPOSITION XVI 


S the tranſverſe axis added to the abſciſſa of the ordittate from 
the point of contact, is to half the tranſverſe axis; ſo is the ſame 


lein added to the external * to the external part; i. e. BG: 


er: Ax. 


CC 


By Prop. 11. eke; ', t+x x=(4+E = =) 


and CCN: I:: x+4:a; or BC: CA: TG: AT. & E. D. 


PROPOSITION XVII. 


As the tranſverſe axis leſs by the external part, is to half the 
tranſverſe axis; ſo is the ſubtangent, to the abſciſſa of the or- 
nate drawn from the point of contact; that is, BT: CA:: TG 
: AG. 
| D=zMONSTRAPION | 
By Prop. 14. CR. IEP U Ef 3 


* 


ee HE: CA:: TG: A0. 2. E. D. 


PROPOSITION XVII. 


HE ratio of the ordinate drawn from the point of contact to 
the ſubtangent, is equal to the ratio compounded of the ra- 
tio of the diſtance between the center and — to the ora ; 


DEMONSTRATION. 


By Prop. 9. tx Lx. +x* =3t+xxx+8; and (by Prop. 2.) f: p:: 
C x. =) e 17 .. fy PRT Hopxxx+e; and (if you 


die 
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and if pig. 6. 


Fig. 4. 
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divide by x+4) bf ; and again (if you divide by ty) | 


pe N AA 450 GF S 
22 — or T FUF NE. P. 


„ XIX. 


F, from the vertices of the oppoſite ſections, and from the center, 
ndiculars be drawn to the axis, and cut any tangent, and 
alſo an ordinate be drawn from the point of contact, then theſe four 
lines ſhall be proportional ; that is, BO: CP : FG: AQ_ 
DEMON STR AT ION. 
By Prop. 15. TB: TC: : TG: AT, .. (by 4 E. 6.) BO: 
CP:: FG: AQ. 2, E. D. 


. 02065 AB-Y. 


Fig. 5. 


Hence BOx AQ=CPxFG. 


PROPOSITION XX. 


perpendiculars to the axis be drawn from the vertices of the o- 
Foz ſections, and cut any tangent, the rectangle of theſe 
— iculars ſhall be equal to the rectangle of the greateſt and | . 
ce of either focus from the vertex; that is, BOX AQ=KA x 
KB=AHxBH. 
DEMONSTRAT 10 N. 


1 A Den, BO=2z, and A K, or BH=9; then (by familer AS,) 
(a: x+a:: by Prop. 16.) t: tx; allon:y:: (f—a: 


20” by Prop. 17.) it : x, .* 1e and n=; and (theſe 


* multiplyed,) unf, *. M: t:: (: x:: 
Jp :t; and mn= (3 peo Prop 30 Ng, or BO 
Ad A- KB CAB 
L E M M A, 

If, on the extremities of any chord line AB, ndiculars, as 
BQ, AD, be drawn, and if any right-line, as DG 8 paſs through 
the center, and cut theſe ndiculars, then the Dana parts 
OQ, PD, of that line beet; and the rectangle of the per- 


| 88 ſhall be 8 to the e of the ſecant Q into the 


D- 


Paxr III. Of tbe HYPERBOLA. | 49 


| DEMONSTRAT I 0 N. 

Becauſe the angle A is right,. BN is a diameter, and 
through the center C, and A CBQ 1s fimilar to the ACN D, 
CB: CN:: CQ: CD: BQ: ND. But CB=CN, 0855 
CD, BQ=ND, and QP=DO; but (by 36 E. 3.) DA=(D 
=) BQ=DOx DP=QPx QO. 2, E. D. 


PROPOSITION XXI. 


F, from the interſections (P, S, of a circle drawn on the tranſverſe, Fig. 6. 
| with any tangent, perpendiculars (as Ph, Sk) to the tangent be 
drawn, I fay they will interſect the tranſverſe axis produc'd in the fo- 
cal points K and H. 


DEMONSTRATION. 


The As, TOB, TPG, TAQ, and T'S# having the angles at 
T common, and each a right angle, are ſimilar, . BO: PH: : Sk 
: AQ, and BOx AQ= (PhxS#= by the preceding Lemma) bA 
xbB, or 451 1A. But (by Prop. 20.) BOX AQ=HAxHB, or 
KAxKB, . the points K, &, and H, & are coincident. QE. D. 


oO rn 
KS PHS=rpt, becauſe HA x HBr pt, by Prop. 3. 


PROPOSITION XXII. 


F, from any of the curve, lines be drawn to the foci, and pig. -; 
the angle formed by thoſe lines be biſected, then the biſec- 
tag line will be a tangent to the curve in the angular point. 


DEMONSTRATION. 


Take FX=FK; then (be 2 becauſe by hypotheſis 4HFT=42TFK) 
if you take any point, 8, in the line FT, the line KS=SX, by 
4 E. 1. Draw 811 Nes AB ( =HX)+($X+) SK is greater than 
SH, . the point 8 is without the curve; for if it were in the curve, 


AB-+SK would be equal to SH, by the Geneſis 
CoROLLARY,. 


Hence lines drawn from the foci, to the point of contact, make 
with the tangent equal angles. 


PROPOSITION XXIIL £ 
Right line perpendicular to any tangent at the point of con- 
tact, biſects the angle made wy lines drawn through the ro 


30 
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of contact, and from the focus points; that is, if F be perpendi- 
cular to FT, then the CZ FY HF V. 


DEMONSTRATION, _ 
The LF Y=72 TFY by hypotheſis, and the 4LFZ=(KFT 
= by Prop. 22.) TFH; which raed taken from the former, there 
remains ZZ FV HFY. Q. E. D 


PROPOSITION XXIV. 


F, on the tangent at the point of contact, a perpendicular be 
drawn, and, from the point where that perpendicular cuts the 
axis, two lines be drawn perpendicular to the lines which connect the 
foci to the point of contact, then the diſtance on theſe lines between 


the point of contact and the perpendiculars, will be equal to half 


Fig. 9. 


Fig. 10, | 


the parameter of the axis; 1. e. Fq=Fr=zp. 


DEMONSTRATION, 
From the points 8, P, where a circle on the tranſverſe cuts the 
5 draw lines to the foci H and K, which (by Prop. 21.) will 
dicular to the tangent, .'. P K, 'HX, and Y F Be ef: 
5 HS to X; then (by Prop. 2 2.) H SSX, and HF 
FX, ...KX=AB=?; allo AKFY is ſimilar to & K XH; 
and becauſe the Z F P K = VF, and the angles PK F, and 
FV are the complements of the 4 qFL, . As PK F and YFg 
are ſimilar, and KX:XH:: (KF: FY KP: Fg, and K Xx 
Fo=X HxKP, or 4K Xx Fq= K H-) s HK f, that is, +f 
10 F (SHxK P= by 7 3 * but (by 26 E. 
) Fr =Fg, * Et E. 


PRO POSITION XXV. 


8 from the vertices cut any tangent, the of 
3 intercepted between the interſections ſhall be the 


of a circle whoſe periphery ſhall paſs through the foci. 


DzMons TRATION. 


By Prop. 20. BOxA =H AxHB, BO: BH: : AH: 
AQ. But QA HOB H, .. (by 6 E. 6.) AAQH is ſi- 
milar to AOBH, and zBOH=zAHQ. Alſo 29 | 
BHO; but Z. A H+2 A H Q= a right angle; . 4 QH O 
=(A'HQ+B H O= a right angle, and (by 31 E. 3.) OQis a 


diameter. In like manner QKO may be proved a richt angle. 2E. D. 


Co R- 


1 


Parr III. Of te HYPERBOLA. 


CORO Lb AYKE. 
If OQ be biſected in N, then N O=H N=NQ., 


PROPOSITION XXVL 


contact, and in that line HXA B, and from the other focus 

X be drawn, and cut the tangent in S, then a right line drawn 

from the center to that interſection will be equal to half the tranſ- 
verſe axis; that is, CS=(54AB=) CA. 


DEMONSTRATION. 


In the As KCS, KHX, the K is common, K CCH, 
and (by Prop. 22.) KS=SX, . „ (by 6 E. 6.) the As are ſimilar, 
and CS is || to HX; alſo CS =(% HX=+ AB) CB CA. QE. D. 


PROPOSITION XXVII. 


F, from the remoter focus, a line be drawn to the point of con- 
tac, and another from the center || to the tan an; 3 diſtance 
tween the point of contact, and interſections o _=_ two lines, is 


equal to half the trankverſe axis ; that is, FZ=+ A 
DzMONSTRAT I 0 N. 
Draw CS HF; then is the figure FZCSaſ], . ZF=(CS 
=by Prop. 26.) AC AB. 2, E. D. 


PROPOSITION XXVII. 


F, within the curve, lines be drawn parallel to any tangent, they 
J will be biſected by a diameter produc'd through the point of con- 
tact. Alſo ABCS=ACD r—Apdz=ACVe—AVpsx 


DRER MON ST RATIO. 


I: , from the remoter focus, a right line be drawn to the point of 


Fig. 1 1. 


Fig. 12 


Put dz- , apc, Cd=n, BSmr, dr=p, Ve, M Fig. 12. 


Vo, N 5 the abſciſſas Bad, BV=x, 2 Then, 


FG 88 CG __ 
— * bat — A, 2 — . — > 
"NE RY —2— . Divide by =, and = en 


tiply by cr, and ztcy=ry* 5 But (by Prop. * x = x ＋ 


3 1 A 1 A — 
x*, . xtcy=rxtx+x*, and rn*—3tcy=(rn*—rxtx+x*= ) rx 


n*—tx+x* ; and by (6 E. 2.) i —tx+x*=it*, rn —t+tcy=r 
2 x3f* ; 


| xBC; that is, ACdr—pdz=ABCS. 


0 the HYPERBOLA Pur II. 
2; divide by 2, and ri. By ſimilar As A:: n: 


5 © (by ſubſtitution) pc rt, or Cd dr—dpxdz=B 8 


6 
2. By ſimilar n 5=(ET= by Prop. 15.) PC * By ſimi- 


lar as GE,. I . Divide by E, and & = x<; multiply 


T 5 
by 5, and g =gY* <> ; but (by Prop. 2.) Y* <5= X+X*; 


therefore g Y t XX., and gg*—g bY (ig -N N =) 


g NN; but (by 6 E. 2.) XTX A; 9g —gbY 


=. Divide by g, and 1 r-, but (by ſimilar As) 


9 7 * 2 2 2 be (by ſubſtitution) 99 —bY ret, or Vo X 


CV—VpxVx=BCxBS; that is, AC Vo- AVy⁵X AB CS 
(by the former part) A Cdr—Apdz, and (by tranſpoſition) AC Vo 
— ACdr=AV x—Aþpds. 

3. From both ſides of the laſt equation take the figure dx GV, 
and there remains the Ao = and fimilar Abær, .. xb=bz.Q.E.D, 


PROPOSITION XXIX. 


1 ABSC=ACFT); alſo the trapezium dBSr=4Apdes, 
and Abzr=trapezium b F Tp, and FT+bpxbF=2bxrb, 


DxZMONSTRATION. . 
From ſimilar As BS: FG:: (BC: GC:: by Prop. 10.) CT 
: BC, .. BSX BCF GxCT; or ABSC=ACF T=(by Prop. 


28.) ACdr—Apdz=ACVo—AVpxa, .. (by tranſpoſition) 


ABCS+Apdz=ACdr; from each fide take ABCS, then 
there remains A þ d z=trapezzum dBSr ; and (by tranſpoſing the 
1ſt equations) ACF T+AVp x=AC Vo; from each fide take 
ACF T-+trapezium þ boV, and there remains (A 06 x=) Abzr 
=trafrzium bF T p, and (by Lemma to Prop. 11. of the Parabola) 


FT+5pxF b=zbxbr., E. D. 7 
DE- 
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Let FS: FQ: : Ur: b:: 2 FT: P, the parameter of the diame- 


ter FV; then TOES and, 


br 


FRO PO $1 T1 D0*N. XXX. 


\ S any diameter is to its parameter (fo obtained) ſo is the rect- 
angle of the diameter added to the abſciſſa into the abſciſſa, to 
the ſquare 4 the ordinate of that abſciſſa; that is, if you put D= 


FY, "=P, and yz, or bx, it will be D: P:: Dr X x:. 
Der MONSTR AT 1.0 N. 


* x _yx2FT 
—_ 


„Dar DFN. B (B. by fleas 


D 
Tn P x D—+ + X 2 £Y 
lar As 3 therefore (by ſubſtitution) 5 A 


D+x x Tn= (by Lemma to Prop. 36 of the Ellipſe) 5x yxbr 
„D: P:: BN: y. QE.D. 5 


By the Defonition P . therefore P 


PROPOSITION XXXI. 


F a tangent cut any diameter, and if, from the point of contact, 

an ordinate be drawn to that diameter ; then, as the ſemi-diame- 
ter added to the abſciſſa, is to the abſciſſa, ſo is the diameter added 
to the abſciſſa, to the ſubtangent on that diameter; that is, CP: 
FP: : YP: PT. 


DEMONSTRATION. 


re 


Z3 


Fig. 12, 


Let QG be an indefinitely ſmall part of the curve, and produced Fig. 13. 


to cut the diameter in T; draw the ordinate GP, and, parallel to 
it, QO; draw Gr parallel to (Y O) the diameter continued; and 
put Gr=1, Qn, and FT=a, Then VP Dx, Y O=D+ 
x+n, OF , QO=y+mn, and PT+x+a; and (by fimilar 


AS)m:n::y:xþa, x+a=n x ©. But (by Prop. 30.) D: P 


: DFx+n x xn: y+m „In; andD:P::D+xxx:y*; 
rden the firſt analogy into an equation, we ſhall have x x+ 
| Du 
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PDzn+Px*+2Pxn—2Dym= (Dy; = in the 2d Analogy) PD x 
IE 52 _ 2Dym 

+Px*, . PDz+2Pxn=2Dym, and "=FDT ZP But xa 

= (nx, . „e 

2 2 Dxþ2x* , Dx+x* 

on agg "DI2x 2 2 TDax 

+x:x4-4; or PFF: T: T. 2 E. D. 


PROPOSITION XXXII. 


* ſame things being ſuppoſed as before, as the ſemi-diame- 
ter added to the abſciſſa, is to the ſemi-diameter, ſo is the ſe- 

mi-diameter, to the ſemi-diameter leſs by the external part; 1. e. 
ee: er: er. 


DE MON ST RAT ION. 
CP—PT=CT. But CP=+D-x, CT=i:D—a; and (by 


* DA: * :D 


Dx + x* Dx x= i x D* 
Prop. 31.) PTT , therefore n „or 5 
+D—a; that is, 1D: D: : 1D: 1D-4; or CP: CF::CF 
r. D. ' 


PROPOSITION XXXIII. 


S the ſemi- diameter added to the abſciſſa, is to the ſemi-di- 
ameter, ſo is the abſciſſa, to the external part; that is, CP: 
CF: : PF: FT. 


DEMONSTRATION. 
Fig. 13, By Prop. 32. W b  SD'=3D'++Dx—rDoa— 


xa, and z:Da+xa=zDx, ©. DX: 2 D:: x: a; or, CP: CF 
12 FP: FT. . 


PROPOSITION XXXIV. 


S the ſemi- diameter added to the abſciſſa, is to the ſemi-diame- 
ter, ſo is the diameter added to the abſciſſa, to the diameter 
leſs by the external part; that is, CP: CF::YP: YT. 


DEMONSTRATION. 
-Dx 


Dax 


By Prop 33. a = therefore D-a= (D—— 


„ 106 Da—aa 
$ 


DEE and T DX: 2D: : Dx: Da; or CP: CF: YP 
:YT. 2. E. D. 


PROPOSITION XXXV. 


S the diameter added to the abſciſſa, is to the diameter leſs 
by the external part, ſo is the abſciſſa, to the external part; 
1. e.. P: TT irrer. 

DEMONSTRATION. 
By Prop. 33. D: D:: Xx: 4; and (by Prop. 34.) +D+x: 
2D:: Dx: D—a, .. (by equality) 12 : D—a::x:a; or YP 
VT: : PF: FT. 9. E. D. 


PROPOSITION XXXVI 


S the ſemi-diameter leſs by the external part, is to the ſemi-di- 
ameter, ſo is the external part, to the a ſeilla; i. e. CT: CF 
r 
DE MON ST RATIO N. 


By Prop. 32. 1555 Ab- D. 1D — 1D. D 


xa; and Dx - xa Da; i. e. 1D -: 1D: : 3: Xx; or, CT: 
CF: FTE. £2, & D. 


PROPOSITION XXXVI.L 


S the ſemi-diameter leſs by the external part, is to the diame- 
ter leſs by the external part, ſo is the external part, to the ſub- 
tangent; i. e. CT:YT::FT:PT. 


DEMONSTRATION. 
By Prop. 36. Dx xa = Da, 2 and a+x= (a Fig. 137 
T — 3 and D-: D—a::a:x+a; or CT: 
TT:;FTiET. OED. 


PROPOSITION XXXVIII. 
S the ſemi-diameter leſs by the external part, is to the ſemi- 
diameter, ſo is the diameter leſs by the external to the 
eter added to the abſciſſa; i. e. CT; CF::YT: YP. 
| C00 De- 
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DEMONSTRATION, 


xDo tDs 40.12 
ByProp. 37. xp „DEO 7 =) P 


and D — 2: 1D: 1 Dx; or CT: CF: : IT: 21 
9. E. B. 


PROPOSITION XXXIX. 


12 any ordinate to the axis (as V x) be continued to (N, in) the 
focal tangent (TO), then the diſtance (VN) from the axis to 
that point in the tangent, ſhall be equal to (K æ) the diſtance from 


the focus to the extremity of that ordinate. 
DEMONSTRATI 0 N. 


Fig. 14. put CK=b, CB=c, C Vd, then AK Ac, BKR=b—c, VK 
=d b, BV =d—c, ; and AV=d—c. Then, 

1. The point K being the focus by Prop. 4. KL half the para- 

meter of the 3 and (by Prop. 3.) CB: AK:: KB: KL; or : 6 


Ler-: = (KL=) tp. Alſo (by Prop. 10.) CK: Ch 


n E But CK—-CT=KT; 5, e 
os 0 db—& _ 


b—C B 
VT ; and (by ſimilar As) KT: KL: : VT: VN. 0. — 
. . 4% -c dc 


7 DN ＋ VN. 
2. By Prop. 2. CB:KL:: AWx VB: Vixq or c bmp 
9 =V=xq; and VKq=d—246+6". But 
—— 1 


(by 47. E. I.) VRq+Vxq=Kxq; or 


— 
7 


and by adding the ſquare root, K x = -__—_ by the firſt 
part) VN. 2, E. D. | 


PROPOSITION XI. 


Fig. 14. +PS pendiculars be drawn from the vertices to the focal tangent, 
en thei theſe perpendiculars ſhall be equal to the diſtance (in 5 
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axis) from each vertex to its adjacent focus reſpectively; that is, A0 
=AK, and BQ=BK. 


DEMONSTRATION. 


By Prop. 20. AO x BQ&AK « KB, . AO. AK. KB:. 5 
But (by Prop. 39.) BQ=BK,. . AO=AK. L. E. D. ; 


PROPOSITION XII. 


| through the point of contact of the focal tangent, a right line pig, 14. 

be drawn to the vertex, and any ordinate: be produced to the | 
3 and cut that line, then the 3 between the tangent 
and inter ſection of theſe lines, is to the diſtance (in the axis) " 
from the * to the application of th ordinate ; that is, DNK. 


DzMonSTRATION. 
From ſimilar As AO: DN:: LO: :LN:: AL: LD: ) AK: 
KV; But AO AK by Prop. 40, .. DN=KV. 2, E. D. 


Of the HyeERBOLIC ASYMPTOTES. 


PROPOSITION” XI | 


J any ordinate to the axis be continued both ways to the Aſym- Fig, 1 
ptotes (as NGP) then the ſquare of the ſemi-conjugateaxis (BE) 
will be equal to the rectangle of the greateſt and leaſt diſtance of 
either extremi _ TO that is, BEqz=NS» 
* SP=Prxr 
DZMONSTRATI ON. 
Let NG=PG=H, and the other ſymbols as uſual ; then CG= 
+t+x, and (by fimilar As) CBq: BEq:: CGq: GNa;. 1. e. “: 


(C=) tp: : tft x+x* :6*, ©. FF But (by | 


Prop. 2) tp: tr H: . f F and =( 


IL pt =). Alſo b+y;3c::+c:b—y; or NS: EB:: EB 
:SP. 2. E. D. | 


PROPOSITION XLIII. 
5 * Aſymptotes continually we Cre. 


H | D- 


68 


Fig. 16. 


Fig. 16. 
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DE MON S T RATIO VN. 
By Prop. 42. EB*=NSx SP=Oa 4 V, therefore NS: Oa: : 
oY : SP. But NS is leſs than Os, therefore aY is leſs than SP, 
and conſequently the point Y is nearer to the curve, than the point 
F. 2 EIE | 
 PROPASITAION MIN. 
F the Alymptotes and curve be infinitely produced, they will 


never CONCULT, 


5 DEMONSTRATION. 

From the two firſt analogies of Prop. 4.2. ii follows, that + tbo 
:b*::t+xxx:5*; that is, CGq:GNq::AG x BG: Gr q. But 
(by 6. Eu. 2.) CGq is greater than AG x BG, .. GNq is greater 
than Grq, and GN greater than Gr; and conſequently wherever 
he point N is taken, it will never touch the curve. | 


TR OPFERLITTOMTILYV, 


F an ordinate to the axis be produced both ways to the Aſym- 
ptotes, then the parts intercepted on each fide between the curve 
and aſymptotes are equal; z. e. SP=7N. ö 
Dr MON Ss TRRAT ION. 

From ſimilar As, BD: BE:: GP: GN; but BDS BE,. GP 
=GN, and the ordinates GS, Gr, being equel, N will be=SP. 

| 7 | 

If the tangent to the vertex of any diameter be continued both 
ways from the point of contact, with this condition, that as the dia- 
meter paſſing through the point of contact, is to its parameter, ſo is 
the ſquare of the ſemi-diameter, to a fourth proportional ; then if 
the ſquare root of that fourth proportional be ſet both ways from 
tlie vertex on the tangent (as FP, FQ) the extremities. will deter- 
mine the conjugate diameter, and if, through theſe extremities, right 
lines be drawn from the center (as CP, CQ) they ſhall be Aſym- 
ptotes. ä . 
P ROPOSITION XLVI 
IF any ordinate to a diameter be produced both ways to the A- 

ſymptotes (as mbn) then the ſquare of the ſemi-conjugate dia- 

meter will be equal to the rectangle of the greateſt and leaſt diſtance 
of either extremity of that line from the curve; that is, FPq=mz 


X SNS Mr xr n. 
5 DE- 
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| | DzMoNSTRATION. 

Put bm=r, br. FP=FQ=2c ; then (by the Definition) D: 
P:: CFq: FPq; or D: P:: D!: rc, . 40 — 
(from ſimilar As) CFq :FPq: C4q:4mq; that is, +D* : +DP:: 


TDT: , © DD and (by Prop. 30.) D:P 


:: DX Xxxxö: , ber. and r*—y* = (55 D. 


2c. Alſo ry: e:: te: - or FPq=mz x 2n=rnxrm, 


PROPOSITION XLVIL \ 
53 HE Aſymptotes drawn through the extremities of any con- 
jugate diameter, and produced, do A r SG the 


curve. 
E 


By Prop. 46. mz x mr = (FPg=) R u, . MZ: WH: 
mr. But m2 is leſs than 20 t, .*. ws 1s leſs than r, and 3 


quently the point 20 is nearer the curve than the point .. Q, E. D. 


PROPOSITION XLVIII. 


HE Aſymqtotes, produced through the extremities of the con- 
jugate diameter, will never meet the curve. 


DENON STN ATI ON. 


By Prop. 46. PDS =FPꝗ; and (by ſimilar As) YH; : Ch} Fig. 16. 


: (FPq:CFq::4PD:+D*::)P:D; and (by Prop. 30.) bs : 
Yb «Bb: : PD; therefore (by equality) l-: : Yb x F:: ba :CBÞ. 
But b (9. Eu. 2.) CF? A SI? Sc is greater 


than 5s, and 5 greater than 5s ; conſequently wherever the point 
w be taken in CP produced, it will 1 without the curve. Q. E. D. 


PROPOSITION XIX. 


F ordinates to any diameter be produced both ways to the aſym- 
ptotes, then the external parts between the aſymptotes and the 


curve are equal; 1. e. mu. 
DEMONSTRATION. 


From ſimilar As, PF: FQ:: Im: bn, But PF=FQ, , bm= 
H 2 bn ; 


: 
1 


bo 


Fig. 17. 


Fig. 18, 


Of the HYPERBOLA. Parr III. 
bn; from which if you take away the equal ordinates, there will 


remain m. 2. E. D. 


PROPOSITION I. 


F the right line ? be drawn parallel to the diameter FV, then 
the ſquare of the ſemi- diameter CF ſhall be equal to the rectan- 
gle contained under the greateſt and leaſt diſtance of either extre- 
mity of that line from its adjacent aſymptote ; that is, CFq =rd x rþ 
I x td. 
DEMONSTRATION. 

Put FQ=PF=c, FC, mr=b, pd, rn=þ, and rd=9. 
Then, becauſe A mrþ-is ſimilar A PFC. and A nrd is ſimilar A 
QEC, by 4. E. 6.2=5, an nd, 79 2. or pH: “:: qd: 
5. But (by N 4 ) PDC, . d=, or CFq=zrd x rp. 
2. E. D. 3 

PROPOSITION LI. | 

F a right line be drawn parallel to any diameter, and cut the op- 

polite hyperbolas, then the parts of that line intercepted be- 
tween the curves and aſymptotes are equal; i. e. pt d. 


DZ Mons T RAT ro u. 
Make the abſciſſa Y o=F 5 ; draw the ordinate of, and the conju- 


gate YR. Then, from ſimilar As, mr :rp:: (PF=FQ: FC:: 
YR: YC::) St: rd. But mr= (2n=) Sf, .. rp=td. L. E. D. 
F, through any two points (L, M) in the curve, right lines av, 
M T) be drawn parallel to the aſymptotes, then the rectangles 


under 2 of theſe lines and the adjacent diſtance (on the aſym- 
ptote) from the center, ſhall be equal ; z. e. LV x 8 TC. 


DEZEzMONSTRA TI ON. 

Through the points L, and M, draw the right line LM, and let 
RL, LV =4, RV=p, Mos, QT=x, MT=c, VC=6, 
and TC a. Then, becauſe of parallels, the As RVL, RCQ, MTQ_ 
are ſimilar. But (by Prop. 49.) yr, „es. and x=d, and c (= 

p:) d:: s 7 Ne 24%; . Ca=db, of 'LV x 
Mr x TC. E. 

Co- 


PROPOSITION LIL 
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CoROLLARY I. 

Hence if the lines MT, rs, gt, &c. be drawn parallel to the 
aſymptote CR, and the parallelo s Tm, Sn, to, &c. be in- 
ſcribed, they will be equal to each other, Becauſe, by the ſame 
reaſoning, as in this Prop. we may prove each of them equal to the 


parallelogram LC. 
93", 17 4 r 


Each of the inſcribed parallelograms Tn, Sn, &c. is equal to 
the ſquare of a right line (as BS) drawn from the vertex B, parallel 


29 tote CR, 
For (by this Prop.) each of them is equal to BS (=GC)xSC; 


but (by the Gengfs) the 4 BCG=Z4 BCS, and (from parallels) 
4 BCG=2 SBC, .. 4 BCS=4 SBC, and (by the 6 E. 1.) BS= 
SC; and conſequently each of the parallelograms Tm, 5s n, &c. is 
equal to BSxBS, or BSq. | 


SCHOLIU M. 

Right lines drawn from one aſymptote, and parallel to the other, 
and terminated by the curve (as 79, 3, Cc.) are called ordinates; 
and the diſtance of thoſe lines from the center (as ? C, 5 C) abſciſſas, 
and a right line drawn from the vertex, lel to the af) 1 
= BS) the parameter of the exterior hyperbola ; and if p 
for ſuch parameter, x for the abſciſſa, and y for the ordinate, "I 


(by the laſt Coral.) pp yx. 
PROPOSITION LI 
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F, on either of the aſymptotes (as C F) from the center right lines Fig. 1a 


be ſet off in contin roportion (as CD, CE, CF ;) and if, 
from the extremities of theſe lines, there be drawn lines parallel to 
the other aſymptote, and continued to the curve (as DG, EH, FI) 
| ſhall likewiſe be in continual proportion ; that is, if C D, CE, 
CF be , then DG, EH, FI will be . 


DEMONSTRATION. 
52. GD DC=HExCE, and CFxFI=CExEH; 


and oy cg ) CDxCF=CExCE, ... DG: EH:: (CE: 


DC::CF:CE::)EH:FI. Q,E.D. 


PROPOSITION LIV. 


r, on either aſymptote, there be ſet off equal parts from the cen- 
ter, that is, if right lines be ſet off from the center in continual 


arith- 
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Fig. 19. 


Of te HYPERBOLA. Paxr III. 


arithmetical proportion (as CM, CN, CO, CP, Sc.) and from 
the extremities of theſe, there be drawn right lines parallel to the 
other aſymptote, and continued to the curve (as MR, NS, OT, 
PV) theſe ſhall be in continued harmonic proportion, 
DEMONSTRATION. 

MR (=CX) x CM=NSx CN=O Tx CO=VPxCP; therefore 
CM: CN:: NS: MR CN NS 4 
CM: CO.: : TO: Ane cu Sg Fn MR, 
CM: CP :: VP: MR zCPY (CVP * 


and if MR be equal to 1, then NS OT=!, Vp w 


(being the reciprocals of continued arithmetical proportion) are in 


Fig. 20. 


Fig. 20. 


continued harmonic proportion. V E. D. 


PROPOSITION LV. 


F, from the center on either aſymptote, there be ſet three conti- 
nual proportionals (as CD, CE, CF) and from their extremi- 
ties right lines be drawn parallel to the other aſymptote, and conti- 
nued io the curve (as DG, EH, FI,) and if on the curve thro' the ends 
4 the extreams (as I, G,) a right line be drawn as LM, then, I ſay, 
a right line drawn from the center through (H) the end of the 
mean, ſhall biſcct that line; that is, CO biſects IG in O. | 


DEMONSTRATIO N. 


Draw H K parallel to LM; then (from fimilar As) EH: KH 
FI: LI; and EH: KH:: DG: GL... EH r 


ey LIxGL. But (by Prop. 53.) EHq=FIx G, HK 


=LÞxGL ; and (by Prop. 46.) KH is a tangent to the point H, 
and conſequently IO=O0G, — parallel to it, is an ordinate to 
the diameter CO. DE. B. 


PROPOSITION LVI. 


I CD, CE, CF on the aſymptote (and conſequently by Prop. 
56, EH, FI) be in continual proportion ; then the ſpaces 
HE, EHFI) between the curve and aſymptotes on each ſide 


kr mean (E H) to the extreams (FI and DG) * 


DEMONSTRATION. 


I. Through the points I and G, draw the right line LM, = 
through the center and H, Grave the right line CO ; then (by Prop. 
55 and 49.) LO=OM, . (by 1 E. 6.) AMO CS OC. 


dur tha age OGH the ſpace OH, becauſe each l 
0 
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of an indefinite namber of equal ordinates, "conſequently the ſpace 


CHGM= ſpace CHIL; and from each take away the As 
MGP+NHC=4sFL LH TE. then there remains the ſpace 
NHGP= ſpace EH Fl. 

2. But CG DUE N by Prop. 5 ING DURE, and 


conſequently the ſpace H E DG Lahe 11 RG DLR E ſpace 


RM IN G=ipace N H G P= by the 1. part) ſpace E H FI, 
WS | 
| PROPOSITION LVII. 
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F on either aſymptote be ſet. off continual proportionals, and Fig. 20. 


| from their extremities right lines be drawn parallel to the other 
ymptote, then the ſpaces between theſe lines ſhall be as the lo- 


s of the ratios of the lines which bound them: that is, if 


Ca, Ch, Cc, Cd, &c. be , then the ſpace ac¶ is as the loga- 
rithm of the ratio of c# to of; and the pace a2 f; as the loga- 
rithm of the ratio of dg to af, &c. 


DEMONSTRATION, 


Lerche Faces between the parallels be A, B. C. D. Gr (a inthe 


Figure ;) then (by ſuppoſition) 8 = 
485 Cd Ca Ch Cc C4 
and => „ BC, &c. that js, if = == G5 

then A=B=C=D, &c. whence the ſpaces area ſeries of continu- 

ed arithmetical proportionals, fitted to a ſeries of 3 

trical proportionals, and conſequently the addition of one anſwers to 

the multiplication of the other, which is the * of logarithms; 


as, for example, 
Cz 


Multiply the A: ſeries = = > , the product will . 


= by Prop. 52. )* 770 and add the correſponding arithmetical ſeries, 


and the ſum is (jen) the ſpace ac; conſequently the ſpace 
ackf, is as the logarithm of the ratio of c to af. Q, E. D. 


PROPOSITION LVIII. 


Ly E areas of two hyperbolas, baving the ſame n axis, 
are as their conjugates. 


DEMONSTRATION, 


„ (by Prop. 56.) A=B, 
Sc. 


L F B, fB, be two byperbolas deſcribed to the ſame tranſverſe pig, er: 


axis 
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axis A B; then (by Prop. 1.) GFq: B GA: EY ES , and 
Gfq:BGA::Baq: BC. $ Pc equality). G Gfq:: 
B Dq: Bd and (by 22 E. 6.) G : BD: Bd. But the 
fu of all he oy Gf do re ctively „ areas of the 
hyperbolic ſpaces BF G, G; therefor (by 12 E. 5.) theſe 
areas are as | Conjugate = 9. E. D 


PROPOSITION LIX. 
eee een circumſcribing any diameters of an hyperbola are 
equal, | . 
DEMONSTRATION, 


Rp rene of the N 2 draw F I, 
B H, parallel to the aſymptote and to other aſymptote 

let fall the perpendiculars F G, 885 Put IC x, Fl=y, BI e | 
and CHa; then from ſimilar As) FP: FQ:: PI:IC; but 
PF=FQ, -. PI C, and CP=2 x, and FG (from the ſimilar 


AsHBD, GIF, is) = . the area of the parallelogram PFCK 


=PCxFG=2*= (becauſe, by Scholium to Prop. 52. yr 
2ac=CExBD=EBC.' & E. D. 


APPENDINX 
Having conſidered the properties of the Parabola, El- 
lipſe, and Hyperbola, from their conſtruction in plano, without 
any regard had to the Cone, I ſhall wn the properties of the 
three figures made by the cutting a Cone b y a plane ; which pro- 
perties, from their being the ſame with thoſe before delivered, 


plainly prove the figures, whole properties I have deſcribed, to be 
the true ſections of a Cone, 


* 


Fa cone be cut by any plane, to find the figure of the ſoction. 


12 ABC be a cone ſtanding on a circular baſe BC, and _— 24, 
its ſection ſought ; and let KILM be any other ſection a- 2 * 
rallel to the baſe, and meeting the former ſection in HI ; and ABC, 24. of the 
a third ſection, perpendicularly biſecting the former in EH and Ti-. 
KL, and the cone in the. triangle ABC; and producing EH (in 

Fig. 25.) till it meet AK in D, and having drawn EF and DG- 
parallel to KL, and meeting AB and AC in F and G, call EF= 

a, DGS , ED=c, the abſciſſa E H=x, and the ordinate HI=y; 

and by reaſon of the ſimilar triangles EHL, EDG, ED: DG:; 


EH: HI. -E, then by reaſon of the fimilar triangles DEF, 
DHK, DE: 'EP:: DH: (-x in Fig. 24. and c+x in Fig. 25.) 
Hk av, laſtly, fince the ſection KIL is parallel to the baſe, 
and 8 circular, HKX HL will be HIq, that is, 
— =y* and if ↄ be a fourth proportional to c, a and þ, then 
7 equal f, and (by ſubſtitution) PILE iy and il X, and V, be 
oct thr arty car abide ans, then by the ſame reaſoning 
it may be proved that _ =Y*, Hence 


® See Prop. ae Jae Now's aba 


: x 
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I. When a cone is cut by a plane which interſects both its ſides 

(as in Fg. 24.) then the property of the curve, _—_ by the plane 
of that ſection, will be ſuch, that c—xxx : y* :: (c: þ ::) CR 
X: ; which is the ſame property with Coral. to Prop. 2. of the 


Ellipſe foregoing. | 
2. When a plane cuts the baſe and ſide of a cone continued from 


the vertex (as in Fig. 25.) the property of the curve, 220 by the 
plane of that ſection, will be ſuch, that XX: :: (c 5 
c＋EX xX: Y* ; which is the ſame with the preceding Corel to Prop. 


2. of the Hyßerbola. 
If a cone be cut by a plane parallel to one of its ſides (as in Fig. 26.) 
and if AF be S, HK =6b, EH the abſciſſa , and the ordinate 


IH=y, then (by reaſon of the ſimilar triangles AFE, EHL) AF: 
(FE=) KH:: EH: HL=2Z; but KHxHL=Hlq, that ie, 


28 and if you make p, a third proportional to a, and 5, then 


. and (by ſubſtitution) px=5* and if you put X, and V, for 


any other abſciſſa and ordinate, then by the ſame manner of reaſon- 

ing it may be proved that XM ; whence, V: :: ¶ PX: px 2: 

= — is the ſame with the preceding Cor, to Prop. I. of the 
ara 
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BOOKS 1h publiſhed for, and ſold by Ebw. Ca vx, at St Jobn's Gate, 


ISCELLANEA CURIOSA MATHEMATICA. Numb. III. 
containing, Solutions to queſtions in number I. and II. and in the 
Gentleman's Diary; alſo new queſtions propoſed; The demonſtration of 
four thearems in the Gentleman's Magazine, by Mr Facio; Tables of 
chances for any number of points thrown on 1, 2, 3, Sc. to 12 dice, 
incluſively, with the method of computation, Cc. Sc. 
Number I. contains, among other uſeful matters, à diſcourſe on the 
velocity and forces in bodies in motion; Theorems for determining the 


ſun's parallax ; An univerſal ſpherico-catoptric theorem; A theorem 


on increments ; Of the maxima and minima in the celeſtial motions ; To 
find the ſun's horizontal parallax by the tranſit of Venus over the ſun's 
diſk in 17613 A collection of curious Queſtions, with anſwers to the 
queſtions in the preſent year's diaries, and the Gentleman's Magazine. 

Number II. Solutions to all the queſtions in number I. An eſſay con- 


cerning the ſums of the powers of an arithmetical progreſſion ; ſolutions 


to the queſtions in the Gentleman's Diary; and twenty new queſtions to 


be anſwered, Sc. 4 "x 
THE NATURE and LAWS of CHANCE, wherein the ſub- 


jet is fully, yet conciſely handled ; and the more abſtruſe and 


important problems, as well as the more ſimple ones, are reſolved in a 


general and conſpicuous manner: containing the doctr ine of combina- 
tions and permutations clearly deduced ; an inveſtigation of the pro- 
babilicy, that a propoſed event happens a giyen number of times in a 

iven number of tryals; a new and very comprehenſive problem of 
great uſe in lotteries, cards, &c. with others for determining the pro- 
bability of winning, whether at bowls, coits, raffles, Fc. in any cir- 
cumſtance of the play : a problem -for finding the tryals wherein it may 


be undertaken, that a propoſed event ſhall happen or fail a given num- 


ber of times; another to find the chances for a given number of points 
with a given number of dice: and another on the duration of play; 
being three of the moſt curious and remarkable in the ſubje&, and all 
ſolved by new and general methods. The ſolution of a problem pro- 
poſed to the publick ſome time ago, in Latin, as a very difficult one; 
with full and clear inveſtigations of the two new problems added to the 


.end of Mr de Moivre's laſt edition, the demonſtrations of which that 
autror was pleaſed to reſerve to himſelf, whereof he makes ſuch * 


particular mention. By T. SIMPSON. 2 


SGEOGRAPTHIT REFORMED: or, a new ſyſtem of general geo- 


Staphy according to an accurate analyſis of the ſcience, augmented 

with ſeveral neceſſary branches omitted by former authors. In four 

par ts. | | „ 

r. Of the nature and principles of geography; its antient and pre- 
ſent ſtate in all nations; its uſefulneſs to perſons of all profeſſions, and 
the method of ſtudying it; with its analyſis or diviſion into ſpecies, ac- 


| cording to former authors, and a new plan, ſhewing the errors and de- 
fects of thoſe of Varenius, Sanſin, Is Martiniere, Pere Caſtel, &c. Bt 
N * 2 , * ; | 
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2. Of mathematical geography and its bräßebes, aſtronomical and 
geometrical: ſne wing the ſcveral diviſions of the earth by regions, he- 
miſpheres, zones, climates, meridians and pars, Soe. 

3. Hiſtorical geography and its ſpecies, naturlgy civil; eccleſiaſtical; 
national; periodical, ancient, middle, modern i parallel, and critical. 
4. Of technical geography and its branches: repreſen@to y by globes 
and maps; ſynoptical, by tables; and explanatory, bMſyſtems and 
dictionaries. : a W 3 
Under each branch is given an account of its object and uſe, an ex- 
planation of the terms, the hiſtory of its riſe and progreſs, with rules for 

: exhibiting it to the beſt advantage. The whole illuſtrated with notes 

and references to the principal geographers, whoſe different ſentiments 
are cited and examin'd, Deſigned for the uſe of the curious in general, 
and ſtudents in particular. There is added a copious index of the terms 
contained in the work, anſwering the end of a dictionary of general geo- 
raphy." 5 - 
; a The natural hiſtory of mount Veſuvius, with the explanation of the 
various phenomena that uſually attend the eruptions of this celebrated 
- -volcans,. "Tranſlated from the original -/talian, compoſed by the royal 
academy of ſciences at Naples, by order of the king. Pr. 2s. ftitch'd. | 
The entire works of Dr Thomas Sydenham, newly made Engli/h 
from the originals ;. wherein the hiſtory of acute and chronic diſeaſes, 
and the fafelk and moſt effectual methods of treating them, are faithful- 
ly, clearly, and accurately delivered. Illuſtrated with explanatory and 

| practical notes, from the beſt medicinal writers. To which is added, 

Whats. The author's life, and a copious index. By Jobn Swan, M. D. Pr. 6s. 

. A new method to obtain the knowledge of the Hebrew tongue ſpee- 

: : dily and without a maſter, for the uſe of the Exgliſb ſcholar. To which 
Is, affixed, a praxis of reading, together with an eſſay to recover the 

rhetorical power of its accent-inſtruments for interpreting of fcriptpre, 

uſed by the divinely inſpired pen-men under the Old Teſtament ; being 

«By a key to a critical analyſis of all the Hebrew and Chaldaie words in the 

>... Bible. By Andreto Burrel, M. A. Price 25. 64. * | 

| Sir Jaac Newtor?s philoſophy explained for the uſe of the ladies. 
r In fix dialogues on light and colours. From the 1talian of Sig. Algarotii, 

n 2 vols 12mo.. Price bound 55. r 
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pete, (rie 18. 6d) 
wqaFHiom the French of the celebrated M. Maupertuis. 2 
| | RUDIMENTS of GEOGRAPHY; wherein is ex- 


the earth was not ſpherical. The phenomena to pro its 
Caſſini and the mathematicians ſent᷑ to the north to deter- 
towards the poles ohm the equator, ſu — nn to be 
it to be flattened towards es. In. 
8 i table of degrees of longitude and 


. 
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